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The primary goal of Linear Regression is to establish a mathematical relationship between

variables by determining the line of best fit through a given dataset. This powerful statistical
technique allows us to model relationships, make predictions, and understand how changes in one
variable impact another. However, merely drawing a line is insufficient; we must rigorously assess
how well that line truly represents the underlying data structure.

To properly quantify the quality and accuracy of a regression model, statisticians rely on measures
of variability. The three components of the sum of squares are fundamental metrics used in

statistical analysis to quantify the total variability present in the data and determine precisely how
much of that variability is successfully explained by the fitted model. Understanding these
concepts--SST, SSR, and SSE--is crucial for interpreting the efficacy of any statistical prediction
model.

Deconstructing Variability: SST, SSR, and SSE Defined

Evaluating a linear regression model requires breaking down the total variability into two distinct
parts: the portion accounted for by the model and the portion remaining as error. Each of the three
sum of squares measures quantifies a different aspect of the data's deviation, either from the
grand mean or from the calculated regression line. Mastering these definitions is the first step
toward effective model assessment.

1. Sum of Squares Total (SST) - Total Variability

The SST represents the comprehensive, inherent variation found within the response variable (Y)

before any modeling occurs. It serves as the baseline measure against which the model's
performance is judged. Mathematically, it is calculated by summing the squared differences
between each individual observed data point (yi) and the grand mean of the response variable (y).
This value encapsulates the uncertainty we are attempting to explain.

SST = 2(yi - y)2
2. Sum of Squares Regression (SSR) - Explained Variability

The SSR, often referred to as the Sum of Squares Explained, quantifies the vital portion of the total
variability that is successfully explained or accounted for by the fitted regression line. This measure
reflects the improvement gained by using the model instead of simply using the mean as a
predictor. It is calculated by summing the squared differences between the predicted data points
(?i) and the mean of the response variable (y). The higher the SSR is relative to the SST, the
stronger and more accurate the regression model is considered to be.

SSR = 3(?i - y)2
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3. Sum of Squares Error (SSE) - Unexplained Variability

The SSE, also known as the Residual Sum of Squares, captures the variation that the model fails
to explain. This represents the residual error, often attributed to random chance or variables not
included in the model. It is the sum of squared differences between the actual observed data points
(yi) and the corresponding predicted data points (?i) on the regression line. For an effective model,
we always strive to minimize the SSE, indicating that the predicted values are very close to the
actual observed values.

SSE = 3(yi - ?i)2

The Fundamental Relationship: Why SST = SSR + SSE

These three measures are not independent; they are fundamentally linked through an algebraic
identity that forms the backbone of regression analysis. This intrinsic relationship illustrates the
core principle that the total variation observed in the data must be perfectly partitioned into the
variation successfully explained by the model (SSR) and the variation that remains unexplained
(SSE).

The following fundamental relationship holds true for all ordinary least squares linear regression
models:

SST =SSR + SSE

This additive property is profoundly useful in practical statistics. If a researcher knows any two of
these measures--for instance, the total variability (SST) and the explained variability (SSR)--they
can easily derive the third (SSE) using simple algebraic manipulation. This capability provides a
powerful internal mechanism for checking the accuracy of statistical computations and ensuring
that the model analysis is consistent.

Quantifying Model Fit: The Coefficient of Determination (R-Squared)

While SST, SSR, and SSE provide absolute measures of variability, the coefficient of
determination, or R-squared (R?), offers a standardized, relative measure of model fit. R-squared is
directly derived from the relationship between SSR and SST, providing an immediately intuitive
gauge of the model's explanatory power. Specifically, R-squared indicates the proportion of the
variance in the response variable that can be predicted from the independent variable(s).

The R-squared value is constrained between 0 and 1. A value approaching 0 suggests that the
regression model explains very little, if any, of the variation in the response variable; the predictor
variable is largely ineffective. Conversely, a value close to 1 indicates that the regression line fits
the data almost perfectly, meaning the model accounts for nearly all the observed variation with

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://en.wikipedia.org/wiki/Coefficient_of_determination
https://en.wikipedia.org/wiki/Coefficient_of_determination
https://statistics.arabpsychology.com/?p=10842
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

Understanding Sum of Squares: A Key to Linear Regression Analysis

minimal residual error.

The R-squared metric is calculated as the ratio of the explained variability (SSR) to the total
variability (SST):

R-squared = SSR / SST

For example, if a model analysis results in an SSR of 137.5 and an SST of 156, the calculation
yields an R-squared of 0.8814. This result is highly informative, as it translates directly into the
percentage of variance explained: 88.14% of the observed variability is accounted for by the linear
relationship defined by the model. This high percentage suggests that the predictor variable is an
excellent fit for the data.

Practical Application: A Step-by-Step Calculation Example

To fully grasp how SST, SSR, and SSE are computed, let us walk through a practical example. We
will examine a small dataset linking the number of hours studied by students to their final exam
scores. This dataset allows us to demonstrate the calculation process for each component of the
sum of squares.

Hours Studied| Exam Score
1 68

77

81

82

88

90

v AW NN

By employing statistical software or manual methods optimized for linear regression, the optimal

line of best fit for this specific dataset is calculated to be:
Score = 66.615 + 5.0769*(Hours)

This regression equation minimizes the total squared vertical distance between the actual data
points and the line itself. The visual representation below illustrates how the calculated regression
line attempts to capture the central trend of the data:
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Hours Studied vs. Exam Score
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With the equation for the line of best fit established, we can now proceed systematically through
the five steps required to calculate SST, SSR, and SSE.
Step 1: Calculate the Mean of the Response Variable.

The initial step is to determine the mean of the response variable (Exam Score, denoted as y). This
mean serves as the crucial baseline for calculating total variability (SST). For this dataset,
summing the scores and dividing by the number of observations yields a mean score of 81.

Hours Studied| Exam Score Yy
1 68 81
2 77 81
2 81 81
3 82 81
4 88 81
5 90 81

Step 2: Calculate the Predicted Value for Each Observation.
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Next, we use the regression equation (Score = 66.615 + 5.0769 * Hours) to calculate the predicted
exam score (?i) for every student based on the hours they studied. For instance, a student who
studied one hour is predicted to score: Score = 66.615 + 5.0769 * (1) = 71.69. Applying this across
all data points produces the full set of predicted values:

Hours Studied| Exam Score Yy y
1 68 81 71.69
2 77 81 76.77
2 a1 a1 76.77
3 82 81 81.85
4 88 81 86.92
5 a0 a1 92.00

Step 3: Calculate the Sum of Squares Total (SST).

To find SST, we calculate the squared deviation of each actual score from the mean, using the
formula (yi - y)2. For the first student, the calculation is: (68 - 81)2 = 169. By repeating this
subtraction and squaring for all students and then summing the results, we find the total variability:

Hours Studied | Exam Score y ' (yi-y)

1 68 81 71.69 169

2 77 81 76.77 16

2 81 81 76.77 0

3 382 81 81.85

4 88 81 86.92 49

5 90 81 92.00 81
316
SST

Summing these squared differences yields the total SST value of 316. This is the magnitude of
variability we seek to explain.

Step 4: Calculate the Sum of Squares Regression (SSR).

Next, we determine the explained variability (SSR) by calculating the squared difference between
the predicted score and the mean, (?i - y)2. For the first student, the calculation is: (71.69 - 81)2 =
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86.64. Completing this calculation for the entire dataset allows us to sum the explained
components:

Hours Studied| Exam Score y ' (yi-y)* (¥ -v)’
1 68 81 71.69 169 86.64
2 77 81 76.77 16 17.90
2 81 81 76.77 0 17.90
3 82 81 81.85 1 0.72
4 88 81 86.92 49 35.08
5 a0 81 92.00 81 120.99
316 279.23
SST SSR

The total sum of squares regression (SSR), representing the variability explained by the model, is
279.23.

Step 5: Calculate the Sum of Squares Error (SSE).

Finally, we calculate the unexplained variability or residual error (SSE) by finding the squared
difference between the actual observed score and the predicted score, (yi - ?i)2. For the first
student, the SSE component is: (68 - 71.69)2 = 13.63. Summing these errors across all
observations gives us the overall measure of unexplained variance:

Hours Studied| Exam Score y Y (vi-¥) (Vi -v) (i - vi)
1 68 81 71.69 169 86.64 13.63
2 77 81 76.77 16 17.90 0.05
2 81 81 76.77 0 17.90 17.90
3 82 81 81.85 1 0.72 0.02
4 88 81 86.92 49 35.08 1.16
5 90 81 92.00 81 120.99 4.00
316 279.23 36.77
SST SSR SSE

The total sum of squares error (SSE) is calculated as 36.77.
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Verifying the Results and Interpreting R-squared

The final stage of the analysis involves two critical steps: verifying that the fundamental relationship
holds true and calculating the model's explanatory power (R-squared). Verification ensures
computational integrity, while R-squared provides context for the model's performance.

We must confirm that the total variability (SST) equals the sum of the explained variability (SSR)
and the unexplained variability (SSE):

SST =SSR + SSE
316 = 279.23 + 36.77
316 = 316.00

The results align perfectly, demonstrating that the calculations are correct (the minor difference
seen in some real-world calculations is typically due to rounding intermediate values).

Next, we determine the R-squared value for the model, which encapsulates the model's overall fit:

R-squared = SSR / SST
R-squared = 279.23 / 316
R-squared = 0.8836

This R-squared value confirms that 88.36% of the total variation observed in the students' exam
scores can be accurately explained by the linear relationship with the number of hours studied.
This high proportion indicates that the model is a very strong predictor of exam performance based
on study time.

Leveraging Resources for Sum of Squares Analysis

While manual calculation provides deep insight into the mechanics of regression, practical data
analysis often relies on automated tools. For quick verification of results or for analyzing large
datasets, several reliable online tools and software packages are available. These resources can
automatically compute SST, SSR, and SSE for any simple linear regression line, allowing analysts
to focus on interpreting the derived statistics rather than the laborious calculation process.
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