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Understanding and Calculating the Pearson Correlation Coefficient

The Pearson Correlation Coefficient (PCC), symbolized by r, is arguably the most essential

statistical measure used to quantify the strength and determine the direction of the strictly linear
association between two continuous variables. Understanding how to calculate r manually
provides deep insight into the underlying mechanics of statistical relationships and data structure.

The resulting coefficient is always normalized, restricting its value to the range between -1 and 1.
This specific range allows for immediate and unequivocal interpretation of the relationship
observed in the data. The closer the value is to either extreme, the stronger the linear relationship,
giving statisticians a powerful tool for preliminary analysis.

-1: Represents a perfectly negative linear correlation. This signifies that as the score of one
variable increases, the score of the second variable decreases with perfect consistency, indicating
an inverse relationship.

0: Indicates a complete absence of any linear correlation between the two variables. While other
non-linear relationships might exist, r confirms that a straight-line pattern is not present.

1: Represents a perfectly positive linear correlation, meaning both variables increase or decrease
together in absolute lockstep. This is the strongest possible direct relationship.

The mathematical foundation of the Pearson Correlation Coefficient formula involves standardizing
the covariance of the two variables. This standardization is achieved by dividing the covariance by
the product of their respective standard deviations. This crucial normalization process ensures

that the coefficient r is always accurately scaled between -1 and 1, irrespective of the original units
of measurement for X and Y.

Source: Wikipedia

This comprehensive tutorial is designed to provide a rigorous, step-by-step example demonstrating
the precise methodology required to calculate the Pearson Correlation Coefficient manually. We
will walk through every necessary calculation using the following representative sample dataset,
which includes paired observations for variables X and Y:
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X y
6 45
12 47
13 39
17 58
22 68
25 76
27 75
29 74
30 78
32 81

Step 1. Establishing the Central Tendency by Calculating the Means ($bar{X}$
and $bar{VY}$)

The initial and arguably most fundamental prerequisite for calculating any measure of correlation or
variability is establishing the central tendency of the data. For the Pearson coefficient, this means
calculating the arithmetic mean for both the X variable ($bar{X}$) and the Y variable ($bar{Y}$).
The mean serves as the essential baseline from which all subsequent measures of data deviation
and scatter will be quantified.

Recall that the mean is calculated by summing all individual observations within a column ($Sigma
X_i$ or $Sigma Y_i$) and subsequently dividing this total by the absolute number of observations
($N$). We must perform these calculations independently for the X column and then for the Y
column before proceeding to the next stage of deviation measurement. This ensures that we have
an accurate reference point for each variable's distribution.

Applying this procedure to our sample dataset, we derive the following initial mean calculations,
which simplify the data into a single representative central score for each variable:
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X y
6 45
12 a7
13 39
17 58
22 68
25 76
27 75
29 74
30 78
32 81
Mean 21.3 64.1

As illustrated above, the calculated mean for X ($bar{X}$) is 6, and the corresponding mean for Y
($bar{Y}$) is 10. These two numerical constants are absolutely pivotal for the remaining steps, as
they define the zero-point from which we measure the variability and co-variability of the entire
dataset. Maintaining high accuracy at this preliminary stage is crucial, as any error here would
propagate through all subsequent calculations.

Step 2: Quantifying Deviation for Each Data Point from its Respective Mean

The subsequent phase in calculating the Pearson Correlation requires us to measure the distance,
or deviation, of every individual observation from its newly established mean. This critical step
generates two new columns, $(X_i - bar{X})$ and $(Y_i - bar{Y})$, which explicitly highlight the
spread and positioning of the data points relative to the center. This process is the foundation for
understanding how individual scores contribute to the overall variance.

By performing this subtraction, we obtain signed differences. A positive deviation indicates that the
observation ($X_i$ or $Y_i$) is numerically greater than the mean, whereas a negative deviation
signifies that the observation is smaller than the mean. These signed deviations are fundamentally
important because they carry the directional information necessary for calculating the covariance
and, ultimately, the direction and magnitude of the correlation itself.

The complete calculation of the deviations for our sample dataset, organized into the new columns,
is presented below. Note how the positive and negative signs indicate whether the score is above
or below average:
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X y X - Xmean | Y~ Ymean
6 45 -15.3 -19.1
12 47 -9.3 -17.1
13 39 -8.3 -25.1
17 58 -4.3 -6.1
22 68 0.7 3.9
25 76 3.7 11.9
27 75 5.7 10.9
29 74 7.7 9.9
30 78 8.7 13.9
32 81 10.7 16.9
Mean 21.3 64.1

As an immediate and essential validation step, it is imperative to verify that the sum of the
deviations from the mean for any dataset always equals zero ($Sigma(X_i - bar{X}) = 0%$). This
property confirms that the calculated mean truly represents the arithmetic center of the distribution
and serves as a quick check against calculation errors before moving forward.

Step 3: Calculating Components Required for Covariance and Sums of
Squares

To fully satisfy the structural requirements of the Pearson Correlation Coefficient formula, we must
now generate three new columns based directly on the deviation scores calculated in the previous
step. These components are necessary inputs for both the numerator (which measures joint
variability, or covariance) and the denominator (which standardizes the result using variance
normalization).

We must calculate the following three critical terms for every corresponding data pair $(X_i, Y_i)$:

The product of the deviations: $ (X_i - bar{X}) (Y_i - bar{Y}) $. This column is the fundamental
building block for calculating the raw covariance measure, indicating how the two variables vary
together.

The squared deviation for X: $ (X_i - bar{X})"2 $. This term contributes directly to the total measure
of variance (or sums of squares) for variable X.

The squared deviation for Y: $ (Y_i - bar{Y})"2 $. This term contributes directly to the total measure
of variance (or sums of squares) for variable Y.

When the individual deviations are squared (terms 2 and 3), the resulting values are always
positive. This ensures that we accurately measure the total scatter or distance of the data points

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://statistics.arabpsychology.com/?p=11660
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

Understanding and Calculating the Pearson Correlation Coefficient

from the mean, regardless of whether the original score was above or below average. The
expanded calculation table reflecting these three essential components is presented here, showing
the step-by-step contribution of each observation:

X Y | X~ Xmean | ¥~ Ymean | (X~ Xmean) (¥ = Ymean) | (X~ Xmean)” | Y = Ymean)”
6 45 -15.3 -19.1 292.23 234.09 364.81
12 47 -9.3 -17.1 159.03 86.49 292.41
13 39 -8.3 -25.1 208.33 68.89 630.01
17 58 -4.3 -6.1 26.23 18.49 37.21
22 68 0.7 3.9 2.73 0.49 15.21
25 76 3.7 11.9 44.03 13.69 141.61
27 75 5.7 10.9 62.13 32.49 118.81
29 74 7.7 9.9 76.23 59.29 98.01
30 78 8.7 13.9 120.93 75.69 193.21
32 81 10.7 16.9 180.83 114.49 285.61
| Mean | 213 | 641

Step 4: Aggregating the Components to Find the Required Sums ($Sigma$)

Having calculated the individual components in Step 3, the next essential procedure is to calculate
the total sums ($Sigma$) for each of the three new columns. These aggregated totals represent
the necessary raw figures needed to finally solve the primary Pearson equation. These sums
condense the overall variability and co-variability of the entire dataset into three single numerical
inputs, making them ready for substitution.

Specifically, we are looking for the sum of the cross-products of the deviations, which forms the
core of the numerator (the raw covariance component), and the sums of the squared deviations for
both X and Y, which are the standardization components of the denominator (related to standard
deviations).

The resulting summation calculations for the three columns are finalized below, providing the final
necessary inputs before the last step:
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X Y | X~ Xmean | Y~ Vmean | (X = Xmean) (¥ = Ymean) | (X = Xmean)” | (¥ = Yimean)”
6 45 -15.3 -19.1 292.23 234.09 364.81
12 47 9.3 -17.1 159.03 86.49 292.41
13 39 -8.3 -25.1 208.33 68.89 630.01
17 58 -4.3 -6.1 26.23 18.49 37.21
22 68 0.7 3.9 2.73 0.49 15.21
25 76 3.7 11.9 44.03 13.69 141.61
27 75 5.7 10.9 62.13 32.49 118.81
29 74 7.7 9.9 76.23 59.29 98.01
30 78 8.7 13.9 120.93 75.69 193.21
32 81 10.7 16.9 180.83 114.49 285.61
Mean 21.3 64.1 Sum 1172.7 704.1 2176.9

Based on this aggregation, the key sums derived from this critical step are:

Sum of Cross-Products (Numerator): $Sigma (X_i - bar{X})(Y_i - bar{Y}) = 100$
Sum of Squares for X (Denominator component): $Sigma (X_i - bar{X})"2 = 106$

Sum of Squares for Y (Denominator component): $Sigma (Y_i - bar{Y})"2 = 104$

Step 5: Calculating and Interpreting the Final Pearson Correlation Coefficient

(1)

With the three necessary aggregated sums now calculated, we possess all the required

components to substitute into the primary formula for the Pearson Correlation Coefficient (r). This

final step involves solving the equation by dividing the total covariance measure (the numerator) by

the square root of the product of the total variance measures (the denominator).

The fundamental purpose of the denominator is to normalize the raw correlation coefficient,

ensuring the final result is a standardized metric that can be easily compared across different

datasets, regardless of the original data scale or units of measurement.

Plugging the sums derived from Step 4 into the formula yields the following calculation and the final

result:
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X Y | X Xmean | Y Yimean | (X = Xmean) *(Y = Vimean) | (X~ Xmean)” | (¥ = Yimean)”
6 45 -15.3 -19.1 292.23 234.09 364.81
12 47 -9.3 -17.1 159.03 86.49 292.41
13 39 -8.3 -25.1 208.33 68.89 630.01
17 58 -4.3 -6.1 26.23 18.49 37.21
22 68 0.7 3.9 2.73 0.49 15.21
25 76 3.7 11.9 44.03 13.69 141.61
27 75 5.7 10.9 62.13 32.49 118.81
29 74 7.7 9.9 76.23 59.29 98.01
30 78 8.7 13.9 120.93 75.69 193.21
32 81 10.7 16.9 180.83 114.49 285.61
Mean 21.3 64.1 Sum 1172.7 704.1 2176.9

r=1172.7 /V(704.1)%(2176.9) = 0.947

The computed Pearson Correlation Coefficient (r) for this specific dataset is calculated to be 0.947.
This is an extremely high positive value, very close to the theoretical maximum of 1.0.

Since 0.947 is overwhelmingly close to 1, it provides a clear indication that variables X and Y are
strongly and positively correlated. In practical terms, this result suggests that as the value for X
increases, the value for Y increases alongside it in a highly predictable, consistent, and powerful
manner. This strong positive relationship confirms that the movement of the two variables is tightly
coupled, demonstrating significant linear force.

Further Statistical Resources for Deeper Understanding

To enhance your comprehension of correlation, regression, and associated statistical measures,
we recommend reviewing the following related resources. These materials provide additional
context on the application and interpretation of the Pearson Correlation Coefficient in advanced
analysis:

An Introduction to the Pearson Correlation Coefficient

How to Find a Confidence Interval for a Correlation Coefficient
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