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Understanding Probability Distributions and Expected Value

A fundamental concept in statistics is the probability distribution, which precisely describes the

probabilities associated with all possible outcomes of a random phenomenon. It provides a
comprehensive map detailing how likely a random variable is to assume a specific value within a

defined range. Understanding this distribution is the necessary first step before calculating any
measure of central tendency.

While the arithmetic mean calculates the average of observed data points, the expected value

(often denoted as E or p) represents the long-run average of the outcomes if the experiment were
repeated many times. It is a theoretical mean, reflecting what we would expect to see based on the
established probabilities. In essence, the expected value acts as the center of mass for the
probability distribution.

For analysts and data scientists working in the R programming language, calculating the expected

value of a discrete probability distribution is a common and essential task. R provides several
efficient and powerful methods to perform this calculation, utilizing its vectorization capabilities to
streamline the computation process.

The Theoretical Foundation of Expected Value

The expected value is formally defined as the sum of all possible values, each multiplied by its
corresponding probability. This mathematical definition ensures that values with higher probabilities
contribute more significantly to the overall average, which is precisely why the expected value is
often referred to as a probability-weighted average.

To find the expected value (1) of a probability distribution, we use the following foundational

formula derived from statistical theory:
M =2ZX* P(x)
where the variables are defined as:

X: The specific data value or outcome of the random variable.
P(x): The probability associated with that specific data value x.

This formula requires us to multiply the outcome by its likelihood before summing all resulting
products. This summation process ensures that the result accurately reflects the centralized
tendency of the distribution, taking the chance of each outcome into account. It is a crucial
measure for decision-making in fields ranging from finance to sports analysis.
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Manual Calculation Example

To illustrate this concept concretely, consider a scenario involving sports analytics. We are
observing the number of goals scored by a particular soccer team during a game. The following
probability distribution summarizes the likelihood of the team scoring 0, 1, 2, 3, or 4 goals:

Goals (X) Probability P(X)
0 0.18
1 0.34
2 0.35
3 0.11
4 0.02

To calculate the expected number of goals for this team, we must apply the formula p = £x * P(x).

We multiply each number of goals (x) by its respective probability (P(x)) and then sum the resulting
products:

L=(0*0.18) + (1 * 0.34) + (2 * 0.35) + (3* 0.11) + (4 * 0.02)

Performing the multiplication for each pair yields: 0 + 0.34 + 0.70 + 0.33 + 0.08. When these values
are summed, we find that the expected number of goals is 1.45.

It is important to note that the expected value of 1.45 goals does not imply the team will ever score
exactly 1.45 goals--since goals must be integers. Instead, 1.45 represents the long-term average
number of goals we anticipate this team scoring over many games. This value serves as the best
single predictor for the team's performance based on the observed distribution.

Overview of Calculating Expected Value in R

While manual calculation is feasible for small distributions, data analysis often requires efficient
programmatic solutions to handle large datasets. The R programming language excels in vector

and matrix operations, making the calculation of expected value both straightforward and fast.

In R, we typically define the data values (x) and their corresponding probabilities (P(x)) as vectors.
The core task then becomes multiplying these two vectors element-wise and summing the results.
Fortunately, R offers three distinct and equally valid methods to achieve this calculation, catering to
different coding preferences and performance requirements.
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These three methods demonstrate R's flexibility in handling statistical calculations. Below is a
preview of the syntax for each approach using hypothetical vectors val s (data values) and pr obs
(probabilities):

#method 1: Vector Multiplication and Summation
sum(vals*probs)

#method 2: Using the specialized Weighted Mean function
weighted.mean(vals, probs)

#method 3: Matrix Multiplication (Cross-product)
c(vals %*% probs)

All three methods are guaranteed to return the exact same numerical result, providing analysts
with redundant ways to verify their calculations. The subsequent sections will detail how to
implement each of these methods within an R environment using the soccer goal example data.

Method 1: Utilizing the Sum Function (sum())

The most intuitive method for calculating the expected value in R is to directly translate the
mathematical formula p = 3x * P(x) into code. This approach involves multiplying the vector of
values (val s) by the vector of probabilities (pr obs) element-wise, and then using the built-in sun()
function to aggregate the products.

R automatically handles the element-wise multiplication when two vectors are multiplied using the
standard asterisk (*) operator, making this a concise and highly readable method. This technique
is often preferred for its simplicity and direct correspondence to the theoretical definition of the
expected value.

The following code demonstrates how to define the vectors and apply the sum() function to
reproduce the expected number of goals calculated earlier:

Example 1. Expected Value Using sum()

#define values (x)
vals <-¢(0, 1, 2, 3, 4)

#define probabilities (P(x))
probs <- ¢(.18, .34, .35, .11, .02)

#calculate expected value: sum of (x * P(x))
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sum(vals*probs)
1.45
This output confirms that the expected number of goals is 1.45. This method is highly efficient,

particularly when dealing with vectors of moderate size, making it a reliable standard practice in
statistical programming.

Method 2 & 3: Advanced Techniques (weighted.mean() and Matrix
Multiplication)

While the sum(val s*pr obs) method is direct, R offers specialized functions that perform the same
calculation, often with improved clarity or efficiency for specific use cases. The first such function is

wei ght ed. mean() .

The concept of expected value is mathematically identical to calculating the weighted mean, where

the probabilities serve as the weights. R's built-in wei ght ed. nean() function is designed
specifically for this purpose, accepting the data values as the first argument and the corresponding
weights (probabilities) as the second. This function often results in cleaner code that explicitly
conveys the statistical intent.

Implementing the wei ght ed. mean() method requires minimal code modifications, as shown
below:

Example 2: Expected Value Using weighted.mean()

#define values
vals <-¢(0, 1, 2, 3, 4)

#define probabilities
probs <- ¢(.18, .34, .35, .11, .02)

#calculate expected value
weighted.mean(vals, probs)

1.45

A third highly powerful and computationally efficient method leverages matrix multiplication. In

linear algebra, the expected value calculation is equivalent to the dot product (or cross-product) of
the vector of values and the vector of probabilities. In R, the operator for matrix multiplication is
% %
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When using the % %operator with two vectors, R performs the dot product, summing the element-
wise products. The use of ¢() is simply to ensure the output is returned as a simple numerical
vector rather than a 1x1 matrix structure, though the numerical result remains identical. This
method is often favored when integrating expected value calculations into larger linear algebra
workflows or when seeking maximum speed for very large distributions.

Example 3: Expected Value Using c() and Matrix Multiplication
This final approach utilizes the highly efficient matrix multiplication operator in R:

#define values
vals <-¢(0, 1, 2, 3, 4)

#define probabilities
probs <- ¢(.18, .34, .35, .11, .02)

#calculate expected value using the cross-product
c(vals %*% probs)

1.45

As clearly demonstrated, all three programming methods--vector summation, the dedicated
weighted mean function, and matrix multiplication--successfully returned the identical expected

value of 1.45, confirming the reliability of R's vectorized statistical computations.

Conclusion and Further Study

The expected value is a critical metric for summarizing the central tendency of any probability
distribution. In the R environment, analysts have powerful tools at their disposal to calculate this
value quickly and accurately. Whether you choose the explicit vector multiplication via
sum(val s*probs), the statistically descriptive wei ght ed. mean(val s, probs), or the linear
algebra method c(val s % % pr obs), R ensures a robust outcome.

Mastering these basic functions allows for complex statistical modeling and forecasting. Since the
concept of expectation underlies nearly all inferential statistics, proficiency in these techniques is
fundamental for any serious data analyst working with probability and risk assessment.

For those interested in deepening their understanding, exploring continuous probability
distributions and the mathematical concept of integration (used to calculate expected value in
continuous cases) would be the logical next step. Furthermore, investigating variance and standard
deviation of probability distributions provides a measure of the spread around this central expected
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value.

Additional Resources

To further explore the topics covered in this guide, consider reviewing the official documentation
and academic resources related to probability theory and statistical programming in R.
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