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The Significance of Expected Value and the Third Moment

In the vast landscape of probability theory and statistics, the concept of expected value, denoted

as E(X), stands as a cornerstone. It formally quantifies the long-term average outcome of a given

random variable if the underlying experiment were to be infinitely repeated. While E(X) provides

the central tendency (the mean), statistical analysis often requires a deeper examination of the

variable's behavior, necessitating the calculation of expected values for functions of X, such as

E(X²) or, as we focus on here, E(X³).

Calculating E(X³) extends our insight beyond simple central tendency and dispersion. This value

represents the third raw moment of a distribution about the origin. Higher-order moments are

crucial because they characterize the precise shape and asymmetry of the underlying probability

distribution. Specifically, the third moment is fundamentally linked to the concept of skewness,

which tells us whether the data is distributed symmetrically or if it has a heavier tail to one side.

A comprehensive understanding of how to determine E(X³) is essential for advanced quantitative

disciplines, including risk modeling in finance, complex engineering system analysis, and rigorous

scientific research. This calculation provides the necessary input for deriving the standardized

skewness coefficient, a critical metric. This guide systematically details the methodology for

computing the expected value of X³ for both discrete random variables and continuous random

variables, offering clear, actionable steps for each scenario.

The Calculation Methodology for Discrete Variables

When dealing with a discrete random variable X--one that can only take on a finite or countably

infinite set of distinct values--the calculation of E(X³) involves a direct, summation-based approach.

The core principle remains consistent with calculating E(X): each possible outcome must be

weighted by its likelihood of occurrence. However, instead of weighting the variable X, we weight

the function of the variable, X³.

The formal definition for calculating the expected value of X³ for a discrete random variable is given

by the following expression:

E(X³) = Σx³ ⋅ p(x)

This formula requires us to cube every possible value the random variable can take, multiply that

cubed value by its specific probability, and then sum all these resulting products across the entire

range of X. This procedure ensures that outcomes with higher probabilities contribute

proportionally more to the final expected value.

To ensure absolute clarity, we must break down the symbolic components used in this summation:
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E(X³): This is the quantity we are solving for--the expected value of the random variable X raised to

the third power.

Σ: This is the uppercase Greek letter sigma, representing the mathematical operation of

summation. It mandates that we add together all the subsequent terms generated for every

possible value of x.

x: This denotes a specific, single value that the random variable X can assume within its domain.

We must first calculate x³ for each term.

p(x): This is the probability mass function (PMF), which defines the probability that the random

variable X exactly equals the specific value x. Crucially, the sum of all p(x) values must equal 1.

Step-by-Step Example: Calculating E(X³) for Discrete Data

To solidify the theoretical formula, let us apply it to a practical example involving a discrete random

variable X. Suppose X represents the number of successful outcomes in a trial, and its

corresponding probability distribution is provided in a tabular format, detailing all possible values X

can take alongside their respective probabilities.

Our goal is to compute the expected value of X³ using the distribution provided in the image. We

rigorously follow the formula E(X³) = Σx³ ⋅ p(x) by organizing our calculation into clear, sequential

steps. This systematic approach involves first calculating the cubed value for each x, then

weighting it by the probability p(x), and finally aggregating these weighted outcomes.

The necessary procedural steps are:

Identify Values and Probabilities: Extract the corresponding x and p(x) pairs directly from the

probability table.

Calculate x³: Determine the cube of each specific value of x.
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Compute Weighted Product: Multiply the calculated x³ value by its associated probability p(x) to

determine its contribution to the overall expected value.

Sum the Products: Total all the contributions from Step 3 to find E(X³).

Applying these steps to the given example, the calculation unfolds as follows, incorporating the

values x = 0 through x = 6:

E(X³) = (0)³⋅0.06 + (1)³⋅0.15 + (2)³⋅0.17 + (3)³⋅0.24 + (4)³⋅0.23 + (5)³⋅0.09 + (6)³⋅0.06

We first evaluate the cubed terms and their weighted products:

(0)³ ⋅ 0.06 = 0 ⋅ 0.06 = 0.00

(1)³ ⋅ 0.15 = 1 ⋅ 0.15 = 0.15

(2)³ ⋅ 0.17 = 8 ⋅ 0.17 = 1.36

(3)³ ⋅ 0.24 = 27 ⋅ 0.24 = 6.48

(4)³ ⋅ 0.23 = 64 ⋅ 0.23 = 14.72

(5)³ ⋅ 0.09 = 125 ⋅ 0.09 = 11.25

(6)³ ⋅ 0.06 = 216 ⋅ 0.06 = 12.96

Finally, we sum these individual contributions to arrive at the total expected value:

E(X³) = 0.00 + 0.15 + 1.36 + 6.48 + 14.72 + 11.25 + 12.96

E(X³) = 46.92

Thus, for this specific discrete probability distribution, the expected value of X³ is calculated to

be 46.92.

Interpreting E(X³) and its Link to Distribution Shape

The calculated result of 46.92 for E(X³) is far more than an arbitrary numerical result; it is a critical

descriptor that contributes to characterizing the nature of the underlying probability distribution. As

the third raw moment, E(X³) is the essential ingredient for determining the distribution's skewness,

which quantifies the degree and direction of the distribution's asymmetry.

The true measure of asymmetry is the third moment about the mean (often symbolized as µ?),

which requires E(X), E(X²), and E(X³). A positive value for this centered third moment indicates that

the distribution is positively skewed, characterized by a longer, thinner tail extending toward higher

positive values. Conversely, a negative value signifies negative skewness, where the distribution

has a longer tail extending toward lower negative values. When the third moment is near zero, the

distribution is considered relatively symmetric.
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In practical applications, particularly in fields sensitive to extreme events, understanding the

skewness derived from E(X³) is paramount. For instance, in financial modeling, asset returns often

exhibit negative skewness, meaning extreme losses are more likely than extreme gains--a crucial

piece of information for risk management. Similarly, in fields like hydrology or environmental

science, understanding distribution asymmetry helps predict the likelihood of rare but impactful

events, such as severe floods or droughts. Therefore, the value 46.92 contributes directly to a

deeper, more nuanced statistical inference about the phenomenon X represents.

Expected Value Calculation for Continuous Variables

While summation is the standard procedure for discrete random variables, a fundamentally

different mathematical approach is required for continuous random variables. Since a

continuous variable can assume an infinite number of values within a given interval, the concept of

summing individual probabilities becomes invalid. Instead, we must utilize integral calculus to

effectively "sum" the contributions of infinitely small intervals across the variable's entire range.

For a continuous random variable X, the calculation of E(X³) involves integrating the cubed

variable, x³, multiplied by its corresponding probability weighting function--the probability density

function, f(x). This integral operation replaces the summation used in the discrete case, ensuring

all possible values contribute accurately to the overall expected value.

The mathematical formula defining the expected value of X³ for a continuous random variable is:

E(X³) = ∫ x³f(x)dx

The key elements within this continuous formula are distinct from the discrete formula:

∫: This is the integral symbol, which signifies integration. It represents the continuous analog of

summation, calculating the area under the curve of the function x³f(x) across the domain of X.

x: This represents the value of the random variable being cubed and weighted.

f(x): This is the probability density function (PDF). Unlike the PMF, f(x) itself does not yield a

probability; rather, the area under the f(x) curve over a specific range provides the probability that

X falls within that range. The total integral of f(x) over the entire range must equal 1.

dx: This denotes the infinitesimal width of the integration element, specifying that the integration is

performed with respect to the variable x.

Practical Considerations and Computational Tools

While the formulas provide a robust theoretical foundation for calculating E(X³) for both discrete

and continuous cases, manual computation often presents significant challenges in real-world

statistical analysis. For continuous random variables, the integrals required can be highly
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complex, sometimes lacking simple analytical solutions and demanding advanced calculus

techniques or numerical integration methods. Even large discrete distributions can make manual

summation highly prone to error and time-intensive.

Due to these complexities, professionals dealing with intricate probability distributions and large

datasets overwhelmingly rely on powerful statistical software packages. Tools such as R, Python

(specifically using libraries like NumPy and SciPy), MATLAB, SAS, or SPSS are designed to

handle these computational demands efficiently and with high precision.

These software environments automate the tedious processes of summation and numerical

integration, allowing analysts to rapidly obtain expected values and other moments of a

distribution. The use of software shifts the focus from intricate manual calculation to the crucial

task of interpreting the results and applying those insights to real-world problems. Nonetheless, a

firm grasp of the underlying mathematical principles remains essential for correctly configuring the

input data and validating the software-generated output.

Conclusion

The calculation of the expected value of X³ is a critical operation that significantly deepens the

characterization of a random variable. Whether the variable is classified as discrete, relying on the

method of weighted summation, or as continuous, requiring integral calculus, the core objective

remains the same: to weight the cubed outcomes by their respective probabilities or densities.

The resulting E(X³) value serves as a fundamental building block for deriving the third moment

about the mean, providing vital information about a distribution's skewness and overall structural

asymmetry. This insight is indispensable across quantitative fields for assessing risk, predicting

event likelihoods, and making informed decisions. As data size and model complexity increase,

proficiency in utilizing specialized statistical software is paramount for accurate and timely

computation, bridging the gap between theoretical statistics and practical statistical inference.
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