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Learning to Identify and Calculate Leverage and Outliers in R for Robust Regression Analysis

Statistical modeling, particularly regression analysis, relies on the fundamental assumption that no

single data point exerts an undue influence on the overall model parameters. Understanding the
unique contribution and potential impact of individual observations is not merely good practice--it is
crucial for generating stable, reliable, and interpretable results. When fitting a model, we must
systematically diagnose observations that disproportionately affect the estimated coefficients, as
these influential points can lead to skewed interpretations and flawed predictive performance.

These problematic observations generally fall into two distinct but often related categories: outliers
and high leverage points. An outlier is characterized by a residual value that is unusually large;
that is, the observed value of the response variable (Y) deviates drastically from the value
predicted by the model. This signals a poor fit for that specific observation relative to the
established pattern of the data.

Conversely, leverage identifies observations that are unusual in the space defined by the predictor
variables (X). An observation exhibits high leverage if its values for the independent variables are
extreme or far removed from the center of the remaining data points. While an outlier impacts the
vertical distance from the regression line (Y-space), high leverage concerns the position in the
horizontal space (X-space). An observation with high leverage possesses the structural potential
to significantly redirect the slope and intercept of the regression line, even if its residual is small.
Therefore, calculating and evaluating the leverage statistic for every data point is an indispensable
preliminary step in any robust data diagnostics workflow.

The Mathematical Foundation: Defining Leverage and the Hat Matrix

The concept of leverage is rooted in the geometrical structure of the predictor variables used in the
model. It quantifies how far an observation's predictor values are from the average of all predictor
values. Formally, leverage is derived directly from the diagonal elements of a fundamental matrix
in linear algebra known as the Hat Matrix (H). This matrix maps the observed response values
($Y$) onto the predicted response values ($hat{Y}$), hence its name, as it "puts the hat" on Y:
$hat{Y}=H Y$.

The diagonal elements of the Hat Matrix, denoted as $h_{ii}$, are the specific leverage statistics
we are interested in. These values precisely quantify the degree to which the $i$-th observation's
response variable value contributes to its own predicted value, $hat{y} i$. These leverage values
are bounded, ranging mathematically between $1/n$ and $1$, where $n$ is the total number of
observations in the dataset. A value closer to 1 indicates maximal leverage, signifying that the
observation is located at an extreme position in the predictor space.

It is crucial to differentiate between high leverage and actual influence. High leverage merely
indicates that an observation has the potential to be influential, but it does not guarantee that it will
actually pull the regression line. An observation only becomes truly influential if it combines high
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leverage with a large residual (i.e., it is an outlier in the Y-space while being extreme in the X-
space). However, due to their structural positioning, points with high leverage must always be
rigorously scrutinized.

To systematically flag observations for potential scrutiny, analysts rely on a heuristic threshold.
While context may dictate adjustments, a widely utilized conservative guideline suggests that
observations warrant close examination if their leverage value $h_{ii}$ exceeds $2(k+1)/n$. Here,
$k$ represents the number of predictor variables included in the regression model, and $n$ is the

sample size. This threshold establishes a baseline against which we can rigorously evaluate the
numerical output provided by our statistical software.

Implementation in R: Preparing the Regression Model

To provide a concrete demonstration of calculating and interpreting leverage statistics, we will
utilize the powerful statistical programming language R. We will employ the well-known, internal
mtcars dataset, which offers a clean and accessible environment for illustrating diagnostic
techniques. Our objective is to fit a standard multiple regression model that seeks to predict a

vehicle's fuel efficiency, measured in miles per gallon (mpg), using two key engineering
specifications as predictors: engine displacement (disp) and gross horsepower (hp).

This initial setup is mandatory, as diagnostic statistics such as leverage cannot be computed
without a successfully fitted model object. The model object contains all the necessary information,
including the matrix of predictor values, required for calculating the Hat Matrix diagonals. By
establishing this foundation, we ensure that all subsequent calculations are performed within the
context of the specific model structure defined by our chosen variables.

The following R code snippet executes this preparatory step. It first loads the inherent mtcars data,
then fits the linear model using the standard | n() function, and finally provides a summary of the
resulting coefficients and overall model fit metrics, confirming the successful creation of the model
object named nodel .

#load the dataset
data(mtcars)

#fit a regression model
model <- Im(mpg~disp+hp, data=mtcars)

#view model summary
summary(model)

Coefficients:
Estimate Std. Error t value Pr(>|t|)
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(Intercept) 30.735904 1.331566 23.083 < 2e-16 ***
disp -0.030346 0.007405 -4.098 0.000306 ***
hp -0.024840 0.013385 -1.856 0.073679 .

Signif. codes: 0 ***' 0.001 **' 0.01* 0.05''0.1''1

Residual standard error: 3.127 on 29 degrees of freedom
Multiple R-squared: 0.7482, Adjusted R-squared: 0.7309
F-statistic: 43.09 on 2 and 29 DF, p-value: 2.062e-09

Calculating Leverage Scores: The R hatvalues() Function

With the linear model successfully established, the next immediate step involves extracting the
leverage statistic for every single observation within the dataset. R provides a highly convenient,
dedicated function for this purpose: hat val ues() . This function is designed specifically to accept a
fitted linear model object and efficiently return the diagonal elements of the Hat Matrix, which are
the $h_{ii}$ scores.

For ease of inspection and subsequent analytical steps, we store the output generated by
hat val ues(nodel ) into a manageable data structure, in this case, a data frame named hat s. The
resulting output clearly lists the specific leverage value corresponding to each car model present in
the mtcars sample. By calculating these raw leverage scores, we gain immediate insight into
which observations possess the most unusual or extreme combinations of predictor variables
(displacement and horsepower) relative to the collective structure of the sample data.

The output below illustrates the complete set of leverage statistics calculated for all 32 vehicles.
Note that the vehicle names serve as identifiers for the respective $h_{ii}$ score, allowing us to
pinpoint which data points require further investigation based on their position in the predictor
space.

#calculate leverage for each observation in the model
hats <- as.data.frame(hatvalues(model))

#display leverage stats for each observation
hats

hatvalues(model)

Mazda RX4 0.04235795
Mazda RX4 Wag 0.04235795
Datsun 710 0.06287776
Hornet 4 Drive 0.07614472
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Hornet Sportabout 0.08097817
Valiant 0.05945972

Duster 360 0.09828955

Merc 240D 0.08816960

Merc 230 0.05102253

Merc 280 0.03990060

Merc 280C 0.03990060

Merc 450SE 0.03890159

Merc 450SL 0.03890159

Merc 450SLC 0.03890159
Cadillac Fleetwood 0.19443875
Lincoln Continental 0.16042361
Chrysler Imperial 0.12447530
Fiat 128 0.08346304

Honda Civic 0.09493784
Toyota Corolla 0.08732818
Toyota Corona 0.05697867
Dodge Challenger 0.06954069
AMC Javelin 0.05767659
Camaro 228 0.10011654
Pontiac Firebird 0.12979822
Fiat X1-9 0.08334018

Porsche 914-2 0.05785170
Lotus Europa 0.08193899
Ford Pantera L 0.13831817
Ferrari Dino 0.12608583
Maserati Bora 0.49663919
Volvo 142E 0.05848459

Systematic Interpretation: Identifying High-Leverage Observations

Raw numerical scores are only truly useful when compared against a defined standard. To
systematically pinpoint observations that possess high leverage, we must calculate and apply the
statistical threshold discussed earlier. This rigorous comparison allows us to move beyond mere
observation toward evidence-based data diagnostics.

For our specific model, which predicts mpg using displacement and horsepower, we have the
following parameters:
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$k$, the number of predictor variables: $k=2$ (disp and hp).
$n$, the total sample size (number of cars): $n=32%.

Using the heuristic threshold formula, $2(k+1)/n$, we calculate the critical value:
$2(2+1) /32 =6/32 =0.1875%.

This calculation yields a precise threshold of 0.1875. Any vehicle in the mtcars dataset with a
leverage value greater than this figure is statistically flagged as a high-leverage point and
demands immediate, careful scrutiny by the analyst.

To facilitate this comparison, we must organize the results in a manner that highlights the
extremes. We use R's powerful indexing and sorting capabilities, specifically the or der () function,
specifying a negative sign to arrange the data frame in descending order based on the leverage
column. This sorting operation places the most extreme observations at the top of the list, making
identification straightforward.

#sort observations by leverage, descending
hats), ]

0.49663919 0.19443875 0.16042361 0.13831817 0.12979822 0.12608583
0.12447530 0.10011654 0.09828955 0.09493784 0.08816960 0.08732818
0.08346304 0.08334018 0.08193899 0.08097817 0.07614472 0.06954069
0.06287776 0.05945972 0.05848459 0.05785170 0.05767659 0.05697867
0.05102253 0.04235795 0.04235795 0.03990060 0.03990060 0.03890159
0.03890159 0.03890159

Upon reviewing the sorted numerical results, two observations immediately stand out as exceeding
the 0.1875 threshold. The Maserati Bora exhibits the highest leverage score by a significant
margin (0.4966), followed by the Cadillac Fleetwood (0.1944). This concrete finding confirms that
these two vehicles possess unique combinations of high engine displacement and horsepower
relative to the rest of the sample, positioning them at the fringes of the predictor space. This makes
them highly influential candidates that could potentially distort the core relationships estimated by
the regression model.

Visual Confirmation: Diagnostic Plotting

While numerical tables provide precision, graphical diagnostics offer an essential, intuitive
perspective on data structure. Visualizing the distribution of leverage across the dataset allows
analysts to quickly identify anomalies and confirm numerical findings. This visual step is critical for
gaining an immediate, holistic understanding of data influence.
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We can use the base plotting functions available in R to create a simple, yet highly informative, plot
that maps the leverage value ($h_{ii}$) against the observation index. This is achieved using the
command pl ot (hat val ues(nodel ), type = 'h'), where the 'h' type generates vertical
histogram-like lines.

#plot leverage values for each observation
plot(hatvalues(model), type ='h")
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The resulting diagnostic plot clearly confirms the numerical analysis. The x-axis represents the
sequential index of each observation (1 through 32), and the y-axis displays the corresponding
leverage statistic. We observe a dramatic spike around index 31, which corresponds to the
Maserati Bora, illustrating its extremely high leverage. A second, significant spike is visible around
index 15, corresponding to the Cadillac Fleetwood. This visualization rapidly and unequivocally
highlights the observations that deviate substantially from the mean leverage of the sample,
providing powerful evidence that supports the need for further investigation into these specific data
points.

Conclusion: Moving from Potential Leverage to Measured Influence

The systematic identification of observations with high leverage is an indispensable stage in
rigorous statistical modeling. By combining the precise numerical output of the R hat val ues()
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function with the visual confirmation provided by diagnostic plots, we successfully pinpointed the
Maserati Bora and the Cadillac Fleetwood as two observations that significantly exceed the
standard statistical threshold for high leverage in our fuel efficiency regression model.

It is vital to reiterate that high leverage signals the potential for influence, but not influence itself.
An observation only truly becomes an influential point when its extreme position in the predictor
space (high leverage) combines with an unusual response value (making it an outlier). Such

influential points can dramatically alter the magnitudes and even the signs of the model
coefficients.

Therefore, the next logical steps in the diagnostic process involve quantifying the actual overall
influence of these high-leverage points on the model estimates. Analysts typically turn to
dedicated influence measures such as Cook's Distance, which measures the change in all

coefficients when an observation is removed, or DFFITS, which quantifies the change in the fitted
value for each observation when it is omitted from the model. Understanding and addressing these
influential observations--whether through data verification, applying robust regression techniques,
or simply documenting their impact--ensures that the final statistical model provides a stable,
reliable, and trustworthy representation of the complex underlying data relationships.
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