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Whenever a statistician or researcher conducts a hypothesis test, the culmination of the procedure

is the computation of a test statistic. This singular quantitative value is fundamentally crucial, as it
dictates whether the observed data provides sufficient evidence to overturn the established null
hypothesis. To reach this definitive conclusion, the calculated test statistic must be rigorously
compared against a predetermined statistical cutoff, universally known as the critical value.
Specifically, in tests involving the standard normal distribution--often referred to as the Z-
distribution--this threshold is designated as the Z critical value. The rejection rule is
straightforward: if the absolute magnitude of the calculated test statistic surpasses this Z critical
value, the results are considered statistically significant, placing them within the rejection region
defined by the chosen significance level ($alpha$). Mastering the method for accurately

determining this boundary is paramount for sound statistical inference, and the powerful statistical
programming language R offers an exceptionally efficient method for this task.

The process for calculating the precise Z critical value within the R environment is significantly
streamlined through the utilization of the gnor n() function. This function is a core component of
R's statistical package suite and operates as the inverse cumulative distribution function (CDF) for
the normal distribution, enabling users to efficiently locate the quantile corresponding to any
specified cumulative probability. By thoroughly understanding and correctly manipulating the
parameters of gnor (), practitioners can seamlessly derive the exact critical values required for
either one-tailed or two-tailed hypothesis tests, thereby ensuring the utmost accuracy in their
inferential procedures. The subsequent sections will first establish the necessary theoretical
groundwork concerning critical values and then provide detailed, step-by-step instructions for
employing the gnor n() function across all relevant testing scenarios.

The Theoretical Foundation of Z Critical Values

The essential role of the Z critical value is rooted in the process of statistically partitioning the
probability distribution into two mutually exclusive and exhaustive areas: the non-rejection region
and the rejection region. The non-rejection region encompasses outcomes that are highly probable
if the null hypothesis is, in fact, true. Conversely, the rejection region contains outcomes so
extreme that their occurrence would be exceedingly unlikely if the null hypothesis were correct,
suggesting that the null hypothesis should be dismissed. The Z critical value serves as the
definitive numerical boundary separating these two regions. The specific location of this dividing
line is entirely dictated by the preselected significance level, conventionally denoted as $alpha$,

which is typically set at 0.05. Crucially, this $alpha$ value quantifies the maximum acceptable
probability of committing a Type | error--the mistake of incorrectly rejecting a null hypothesis that
is actually true.

During the execution of a test, the researcher is essentially measuring how many standard
deviations the observed data (represented by the test statistic) deviates from the expected central
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value under the null hypothesis. Since Z critical values are derived from the standard normal
distribution--a specific distribution characterized by a mean of O and a standard deviation of 1--they
provide a highly reliable, universal benchmark for comparison. For instance, when employing an
alpha of 0.05 in the context of a two-tailed test, we are defining the rejection region to be the
outermost 2.5% (or $alpha/2$) of the distribution in the left tail and the outermost 2.5% in the right
tail, totaling 5%. The resulting critical values (e.g., $pm 1.96%) precisely define the Z-scores
beyond which the evidence is deemed sufficiently strong and unusual to warrant rejecting the
premise of the null hypothesis.

The statistical design of the test--whether it is intended to be left-tailed, right-tailed, or two-tailed--is
strictly governed by the alternative hypothesis ($H_a$). A one-tailed test (left or right) concentrates
the entirety of the significance level ($alpha$) into a single, specified tail. In contrast, a two-tailed

test requires $alpha$ to be distributed equally between the two extreme tails. This fundamental
structural difference directly impacts the absolute magnitude of the resulting Z critical value.
Consequently, the initial and most vital step in any hypothesis testing procedure is the correct
identification of the test's nature, as this decision determines the exact parameters that must be
correctly input into the R function to obtain the appropriate critical boundary.

Leveraging the R gnorm() Function for Quantile Calculation

To efficiently and accurately compute the Z critical value within R, we utilize the powerful built-in
gnor m() function. The primary statistical purpose of gnor n() is to compute the quantile function,
which represents the inverse operation of the cumulative distribution function (CDF). Given a
cumulative probability $p$, the function gnor n( p) returns the specific value $x$ such that the
probability of a random variable being less than or equal to $x$ is exactly $p$. Because we are
specifically seeking the critical value for the Z-distribution--which is, by definition, the standard
normal distribution--we can typically rely on the default settings for the mean and standard
deviation parameters.

The generalized syntax structure for the gnor n() function is provided below, detailing the role of
each argument:

gnorm(p, mean =0, sd = 1, lower.tail = TRUE)
Where the parameters are defined as:

p: This essential argument represents the cumulative probability or the area under the curve up to
the critical point. For hypothesis testing applications, this probability is derived directly from the
significance level ($alpha$).

mean: This specifies the mean of the normal distribution being analyzed. For the standard Z-
distribution, this value is always fixed at O.
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sd: This specifies the standard deviation of the normal distribution. For the standard Z-
distribution, this value is always fixed at 1.

lower.tail: This is a logical argument (TRUE or FALSE) that controls the direction of the
calculation. If set to TRUE (the default), the function calculates the probability to the left of the input
$p$. If set to FALSE, it calculates the probability to the right of $p$. This parameter is absolutely
essential for correctly differentiating between left-tailed and right-tailed tests.

Since our objective involves the standard normal distribution, we frequently omit the nean = 0 and
sd = 1 arguments, relying on R's established defaults. The true statistical utility and flexibility of

the gnorm() function stem from the precise and intelligent application of the p and | ower . t ai |
arguments, which must be carefully adjusted based on the specific nature and direction of the
hypothesis test being performed. The forthcoming practical examples will explicitly demonstrate
how these critical parameters are manipulated to accurately derive the correct critical boundary for
various testing scenarios.

Practical Application: Determining the Left-Tailed Z Critical Value

A left-tailed test is the appropriate choice when the alternative hypothesis suggests that the true
population parameter is significantly less than the hypothesized value (e.g., $H_a: mu < mu_083).
In this specific statistical scenario, the entirety of the rejection region is concentrated exclusively in
the far left tail of the standard normal distribution. Should the calculated test statistic fall into this
region, it provides compelling evidence that the observed effect is significantly smaller than what
would be expected under the presumption of the null hypothesis. To accurately locate the Z
critical value for a left-tailed test, we must identify the Z-score that corresponds to a cumulative
probability exactly equal to the defined significance level ($alpha$).

Let us consider a common statistical scenario where the objective is to determine the Z critical
value for a left-tailed test using a standard significance level ($alpha$) set at 0.05. Given that the

rejection region is entirely concentrated in the left tail, we are seeking the Z-score that holds
precisely 5% of the total distribution area to its left. Since the gnor m() function is inherently
designed to calculate cumulative probabilities from the left (when | ower.tail = TRUE), this
calculation becomes remarkably simple. We only need to input the significance level value directly
as the probability $p$.

The R code required for this calculation, along with the resultant output, is presented below. Note
that while | ower . tail = TRUE is the default setting, we explicitly include it here for enhanced
clarity and documentation.

#find Z critical value
gnorm(p=.05, lower.tail=TRUE)
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-1.644854

The calculated Z critical value is precisely -1.644854. This specific negative value defines the
upper boundary of the left rejection region. For the results of the hypothesis test to be considered

statistically significant, the calculated test statistic must be less than this negative value (i.e.,
further out in the negative direction, such as -1.70 or -2.00). This result confirms that only 5% of the
standard normal distribution lies below a Z-score of -1.644854.

Practical Application: Determining the Right-Tailed Z Critical Value

In sharp statistical contrast to the left-tailed test, a right-tailed test is employed when the alternative
hypothesis posits that the true population parameter is significantly greater than the hypothesized
value (e.g., $H_a: mu > mu_0$%). In this setup, the rejection region is situated entirely within the far
right tail of the standard normal distribution. If our calculated test statistic surpasses this critical
boundary, it provides robust evidence that the observed result is significantly larger than the
prediction made by the null hypothesis. Determining the Z critical value for a right-tailed test
mandates a deliberate adjustment to the parameters supplied to the gnor n() function.

If we maintain a significance level ($alpha$) of 0.05, we are now seeking the positive Z-score

where exactly 5% of the distribution area lies to its right. Since gnor m() defaults to calculating the
area to the left (cumulative probability), there are two statistically equivalent methods to solve this:
Method 1 involves calculating the cumulative probability to the left ($1 - alpha = 0.95%) while
keeping | ower . tail = TRUE; Method 2 involves setting the probability $p$ directly to $alpha$
(0.05) and changing the | ower . t ai | argument to FALSE.

To explicitly demonstrate the utility and clarity provided by the | ower . t ai | argument, we will utilize
Method 2. We input the significance level as $p=0.05% and set | ower.tail = FALSE. This
instruction compels R to find the specific Z-score corresponding to the point where 5% of the total
area is concentrated in the right tail.

#find Z critical value
gnorm(p=.05, lower.tail=FALSE)

1.644854

The resultant Z critical value is 1.644854. This positive value establishes the precise cutoff point
on the right side of the distribution curve. If the calculated test statistic exceeds 1.644854, we
possess sufficient statistical evidence to reject the null hypothesis in favor of the alternative
hypothesis, thereby concluding that the result is statistically significant at the 0.05 level. It is
essential to recognize the inherent symmetry between the critical values obtained for the left-tailed
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and right-tailed tests at the same significance level; they differ only in their sign.

Practical Application: Calculating the Two-Tailed Z Critical Values

The two-tailed test represents the most frequently encountered scenario in statistical inference. It is
used when the alternative hypothesis suggests that the true population parameter is simply not
equal to the hypothesized value (e.g., $H_a: mu ne mu_0$). Because the potential deviation from
the null hypothesis can occur in either extreme direction (significantly higher or significantly lower),
the total rejection region must be divided equally and allocated to both the left and right tails of the
distribution. This means that if the total significance level ($alpha$) is set at 0.05, then 0.025 (or

$alpha/2$) is precisely allocated to the left rejection tail, and 0.025 is allocated to the right rejection
tail.

To accurately find the two Z critical values (one positive and one negative), we theoretically need
to perform two separate calculations. However, due to the perfect symmetry of the standard normal
distribution, R allows us to calculate one value and simply use its negative counterpart for the
other. To determine the positive critical value--which defines the boundary of the upper 2.5%
rejection region--we can reuse the | ower . tai | = FALSE argument. Crucially, however, instead of
using the total $alpha = 0.05$%, we must use the halved value, $alpha/2 = 0.025$, as the input
probability $p$.

Assuming our goal is to find the Z critical values for a two-tailed test where $alpha = 0.05%. We
calculate the upper (positive) critical value by setting $p = 0.05 / 2 = 0.025% and instructing R to
find the Z-score corresponding to that area in the right tail.

#find Z critical value
gnorm(p=.05/2, lower.tail=FALSE)

1.959964

The resulting value for the upper critical boundary is 1.959964. By statistical symmetry, the lower
critical value is -1.959964. The null hypothesis is rejected if the calculated test statistic falls outside
of this range--meaning it is either greater than 1.959964 or less than -1.959964. This precise
calculation is the origin of the universally cited critical value of $pm 1.96%$ used for defining a 95%
confidence level in standard statistical procedures.

Alternatively, one could calculate the negative critical value first by using the cumulative probability
for the left tail: gnorm(p = 0.025, lower.tail = TRUE), which would immediately yield
-1.959964. Both approaches are mathematically valid, but the use of the | ower.tail = FALSE
parameter often provides clearer logical instruction when calculating the upper boundaries.
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Conclusion and Expert Best Practices

The accurate and precise determination of the Z critical value constitutes a non-negotiable step in
executing valid Z-tests and establishing reliable confidence intervals. The R function gnorm() offers
an efficient and highly precise mechanism for performing this calculation, effectively rendering
static statistical tables obsolete for modern data analysis. The fundamental key to the successful
application of this function lies in correctly interpreting the underlying hypothesis and subsequently
adjusting the p and | ower . t ai | arguments to accurately reflect whether the test is designed to be
left-tailed, right-tailed, or two-tailed.

The primary procedural takeaway is that for computations involving the standard normal
distribution (where mean=0 and sd=1), the gnorm() function will return the exact Z-score
corresponding to the specified quantile. Analysts must always ensure that the input probability p
correctly represents the area of the rejection region relative to the standard normal curve. For all
one-tailed tests (left or right), the probability $p$ is set equal to $alpha$. Conversely, for two-tailed
tests, $p$ must be set to the halved value, $alpha/2$. Furthermore, meticulous attention must be
paid to ensuring the logical argument | ower . t ai | is correctly aligned with the direction from which
the probability is intended to be calculated.

You can find more R tutorials on advanced statistical concepts and data analysis techniques.
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