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The Necessity of Post-Hoc Analysis

When analyzing experimental data, the Analysis of Variance (ANOVA) test serves as a

foundational statistical method. Its primary function is to efficiently determine if there is an overall
statistically significant difference among the means of three or more independent groups. While the
ANOVA is robust, its output is inherently limited: it only yields a global conclusion--that at least
one group mean differs from the others--but fails to identify which specific pairs are driving this
observed variation.

For researchers comparing multiple treatment conditions, this ambiguity is often problematic.
Imagine testing four different drug dosages; knowing that the dosages differ in effect is insufficient.
We need precise information: is Dosage A better than Dosage B, and is Dosage C comparable to
Dosage D? To move from a general statement of difference to specific, actionable conclusions
about pairwise relationships, a secondary analysis is required. This detailed investigation is
essential for drawing practical inferences and guiding further research or policy decisions.

If the F-statistic derived from the ANOVA is found to be statistically significant--meaning the
associated p-value falls below the chosen significance level (typically a = 0.05)--we confidently

reject the initial assumption that all group means are equal. At this critical juncture, we must
employ a post-hoc test, also known as a multiple comparison test, to locate and quantify the exact
differences between the groups. One of the oldest and most methodologically simple post-hoc
tests available is Fisher's Least Significant Difference (LSD) test.

The ANOVA Context and Underlying Hypotheses

The application of Fisher's LSD is predicated on a significant result from the initial ANOVA.
Therefore, it is vital to first review the structure of hypothesis testing within this framework. When

comparing multiple independent groups (k > 2), the statistical procedure is defined by two
competing hypotheses:

The null hypothesis (HO) posits that the population means for all groups are identical (U1 = p2 =
... = hk). This asserts that the treatment or grouping variable has no genuine effect on the

measured outcome. Conversely, the alternative hypothesis (HA) asserts that the grouping factor
does have a significant impact, suggesting that at least one of the population means differs from
the others.

If the overall p-value from the ANOVA calculation is less than the predetermined alpha level, we
successfully reject the null hypothesis. This rejection is a crucial gatekeeper; it provides the

statistical evidence necessary to continue the investigation, confirming that the groups are not all
drawn from the same population. However, attempting to run simple two-sample t-tests for every
possible pair after a significant ANOVA dramatically increases the overall risk of inflating the Type |
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error rate--the probability of incorrectly rejecting a true null hypothesis. Fisher's LSD addresses
this by requiring the initial global F-test to pass this significance threshold, thereby "protecting” the

subsequent individual comparisons.

Defining Fisher's Least Significant Difference (LSD)

Fisher's Least Significant Difference test, formalized by statistician R.A. Fisher, is essentially a

series of modified t-tests performed only after the overall ANOVA F-test has proven significant. The
foundational improvement LSD offers over simply running multiple t-tests is its use of a pooled
estimate of variance. This estimate, derived from the Mean Squares Within (MSW) value in the
ANOVA table, is considered a more reliable and robust measure of the population variance than
the variance calculated separately for each pair comparison.

The fundamental goal of the LSD calculation is to establish a clear benchmark: the minimum
absolute difference between any two group means required for that observed difference to be
declared statistically significant. If the absolute difference between any two group means exceeds
this calculated threshold (the LSD value), researchers can conclude that the difference is genuine
and not merely the result of random sampling variation.

The main strength of the LSD procedure is its exceptionally high statistical power, making it very
effective at detecting true differences between pairs of means when those differences exist.
However, this power comes at the expense of controlling the family-wise error rate (FWER)--the
cumulative probability of committing at least one Type | error across all possible pairwise
comparisons. For this reason, the LSD method is primarily recommended only for experimental
designs involving a small number of groups, typically three or four, where the "protected t-test"
approach (requiring the initial ANOVA screen) provides sufficient error control.

The Formula and Calculation Breakdown

To execute the comparison using Fisher's LSD test, we calculate the required minimum difference
using the following formula, which utilizes statistics extracted directly from the ANOVA results:

LSD =t.025, DFw * VMSW(1/n1 + 1/n2)
Let's dissect the meaning of each component within the formula:

t.025, DFw: This is the critical t-value obtained from the standard t-distribution table. It is
determined using a two-tailed test setup with an alpha level of 0.05 (hence 0.025 in each tail) and
the degrees of freedom within groups (DFw). DFw is calculated by subtracting the number of

groups (k) from the total sample size (N - k).
MSW: The Mean Squares Within groups (also known as Mean Squared Error, MSE). This value
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is derived directly from the ANOVA summary table and represents the pooled variance estimate.
Its use relies on the assumption of homogeneity of variance across all compared groups.

nl, n2: These are the sample sizes for the two specific groups currently being compared. It is
important to note that if the design is unbalanced (meaning group sizes are unequal), the LSD
value must be recalculated for every unique pair, as the value depends directly on the respective
sample sizes (ni and nj).

Once the LSD threshold is successfully calculated, the final step involves comparing the absolute
difference between any two group means ( |X?i - X?j| ) to this threshold. If the calculated absolute
mean difference exceeds the LSD value, the difference between those two specific groups is
declared statistically significant.

Practical Example: Evaluating Studying Techniques

Consider a practical research scenario where a professor wishes to assess the efficacy of three
distinct studying techniques on final exam performance. The central research question is whether
any of the techniques vyield significantly better or worse scores compared to the others. This setup
perfectly aligns with a one-way ANOVA followed by a post-hoc test.

The study involves randomly assigning 10 students to use each technique, resulting in a balanced
design with a total sample size of N=30 students across k=3 groups. After the intervention period,
all students take the same standardized exam, and their scores are recorded. The raw data scores
for the three techniques are visualized below:

Technique 1|Technique 2| Technique 3
72 81 77
73 82 78
73 83 79
77 83 88
82 83 89
82 84 90
83 87 91
84 90 95
85 92 95
89 93 98

The initial step requires running the global ANOVA test. The summary output below provides the
essential statistical metrics, including the F-statistic, the p-value, and the crucial Mean Squares
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Within (MSW) and degrees of freedom (DFw) needed for the subsequent LSD computation.

SUMMARY
Groups Count Sum Average | Variance
Technique 1 10 800 80 34.44444
Technique 2 10 858 85.8 19.28889
Technique 3 10 880 88 57.11111
ANOVA
Source of Variation ss df mMs F P-value F crit
Between Groups 341.6 2 170.8 |4.622694 | 0.018771 | 3.354131
Within Groups 997.6 27 36.94815
Total 1339.2 29

From the ANOVA results presented, we observe a p-value of 0.018771. Since this value is less
than the conventional 0.05 significance level, we reject the null hypothesis. This confirms that the

studying techniques, as a whole, have a statistically significant effect on exam scores. This
significant result acts as the necessary precondition, granting us permission to proceed with
Fisher's LSD test to pinpoint the exact locations of these differences.

Executing the LSD Test and Interpreting Results

Using the key metrics from the ANOVA output, we can now calculate the exact LSD statistic. The
essential values extracted for this balanced design are:

Degrees of Freedom Within Groups (DFw): 27 (N=30 total students minus k=3 groups).
Mean Squares Within Groups (MSW): 36.948.
Sample Sizes: n1 =n2 =n3 = 10.

First, we locate the critical t-value, 1.025, 27. For 27 degrees of freedom and a two-tailed alpha of
0.05, the critical value is 2.052. Next, we substitute these values into the LSD formula:

LSD = 2.052 * V36.948 * (1/10 + 1/10)
LSD = 2.052 * vV/36.948 * (0.2)

LSD = 2.052 */7.3896

LSD =2.052 * 2.718

LSD =5.578
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The calculated value of 5.578 is the minimum required difference for statistical significance. We
now compare this threshold to the absolute differences observed between the three group means
(Technique 1 Mean: 80; Technique 2 Mean: 85.8; Technique 3 Mean: 88).

Pairwise Mean Differences:

Technique 1 vs. Technique 2: |80 - 85.8| = 5.8
Technique 1 vs. Technique 3: |80 - 88| = 8.0
Technique 2 vs. Technique 3: |85.8 - 88| = 2.2

Final Interpretation based on LSD = 5.578:

The difference between Technique 1 and Technique 2 (5.8) is greater than 5.578.

Conclusion: Statistically significant.

The difference between Technique 1 and Technique 3 (8.0) is greater than 5.578.

Conclusion: Statistically significant.

The difference between Technique 2 and Technique 3 (2.2) is less than 5.578.

Conclusion: Not statistically significant.

In conclusion, the data shows that both Technique 2 and Technique 3 result in significantly higher

exam scores than Technique 1. However, the performance gap between Technique 2 and
Technique 3 is negligible and cannot be considered statistically meaningful at the 0.05 alpha level.

Limitations and Preferred Alternatives

Despite its simplicity and high power, Fisher's LSD suffers from a critical weakness, particularly in
larger experimental designs: poor control over the family-wise error rate (FWER). The FWER is the
cumulative probability of committing at least one Type | error across the entire set of pairwise
comparisons being conducted.

While the requirement for a significant initial ANOVA F-test (the "protected t-test" concept)
effectively mitigates FWER inflation when the number of groups (k) is small (k=3), this safeguard
rapidly loses effectiveness as k increases. For instance, comparing k=5 groups requires 10
pairwise comparisons, and the LSD test becomes increasingly prone to generating false positives,
leading researchers to incorrectly claim significance where none truly exists. Consequently, many
statisticians advise against using LSD when comparing more than three or four groups.
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When the research goal requires stringent control of the FWER across a large number of

comparisons, researchers must opt for alternative post-hoc tests that incorporate explicit
adjustments to the p-values or critical thresholds. These robust alternatives include:

Tukey's Honestly Significant Difference (HSD) Test: This method is widely preferred, especially
in balanced designs, as it guarantees that the FWER is controlled exactly at the specified alpha
level across all pairwise comparisons.

Bonferroni Correction: A highly conservative approach that adjusts the significance threshold for
each comparison by dividing the overall alpha (e.g., 0.05) by the total number of comparisons
performed.

Scheffé's Method: Considered the most conservative of the standard methods, Scheffé's test is
particularly useful not only for pairwise comparisons but also for testing complex contrasts and
combinations of means.

Ultimately, the selection of the appropriate post-hoc test hinges on the researcher's priorities. If
maximizing statistical power and minimizing Type Il errors is crucial (and the group count is low),
Fisher's LSD remains a viable option. However, if the primary concern is maintaining strict control
over the family-wise error rate, particularly with numerous groups, methods like Tukey's HSD offer
a statistically safer and more conventional choice.
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