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Fix in R: system is exactly singular

The R statistical programming language is widely utilized for complex computations involving

matrices and linear models. However, when working with matrix operations, practitioners often
encounter a specific error message that halts execution: the "system is exactly singular" warning.
This technical message indicates a fundamental mathematical impossibility within the requested
computation.

Specifically, this error is typically thrown when the underlying LAPACK (Linear Algebra PACKage)
routine, often “dgesv’, is unable to proceed. The error message is usually presented as follows:

Lapack routine dgesv: system is exactly singular: U =0

This critical issue arises when you attempt to calculate the matrix inverse using the built-in R

function, solve(), on a matrix that is mathematically defined as a singular matrix. A singular matrix,

by definition, does not possess a valid inverse. This tutorial aims to provide a comprehensive
explanation of the underlying mathematical principles and demonstrate the practical steps required
to diagnose and resolve this frustrating computational roadblock in R.

Understanding the "System is Exactly Singular" Error in R

To fully grasp why R produces this error, it is necessary to understand the role of the solve()
function. The primary purpose of solve() is not merely to invert a matrix (A?%), but more broadly, to
solve a system of linear equations in the form Ax = B. When B is the identity matrix, the result is
the matrix inverse. The calculation of this inverse relies on algorithms, often based on LU

decomposition, executed by the high-performance C library, LAPACK.

The specific phrase, "system is exactly singular,” means that during the decomposition process,
the algorithm encountered a division by zero, which is mathematically forbidden. The note 'U =0
refers to an element in the upper triangular matrix (U) derived during the decomposition. If a
diagonal element of U is zero, it confirms that the matrix is non-invertible. This is the routine's way
of telling the user that the system of equations represented by the input matrix has either no
solution or infinite solutions, meaning a unique inverse does not exist.

This error is therefore not a bug in the R environment or the LAPACK routine; rather, it is a faithful
report of a mathematical constraint. When working with numerical data, especially in statistical
modeling or regression analysis where matrices are central to parameter estimation, encountering
a singular matrix signals a fundamental problem with the data structure or the model specification

itself, such as perfect collinearity among predictor variables.
The Linear Algebra Root: What Defines a Singular Matrix?
The concept of singularity is deeply rooted in linear algebra. A square matrix A is classified as
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singular if, and only if, its columns (or rows) are linearly dependent. Linear dependence means that
one column can be expressed as a linear combination of the other columns. For instance, if
Column 2 is simply a duplicate of Column 1, the matrix is linearly dependent and thus singular.

Mathematically, the most practical test for singularity is the calculation of the determinant. The
determinant is a scalar value that provides key information about the matrix. If the determinant of a
matrix A is exactly zero (det(A) = 0), then the matrix A is singular and has no inverse. Conversely,
if the determinant is non-zero (det(A) ? 0), the matrix is non-singular (or invertible). This simple
mathematical relationship is the basis for diagnosing the error before attempting inversion.

Understanding the geometry of linear transformations helps solidify this concept. An invertible
matrix corresponds to a transformation that maps the space onto itself, preserving dimensionality.
A singular matrix, however, corresponds to a transformation that collapses the space, often

reducing its dimension (e.g., mapping 3D space onto a 2D plane). Once information is lost in this
collapse, the original space cannot be recovered by the inverse transformation, hence the
impossibility of calculating the matrix inverse.

Reproducing the Error Using the R Function solve()

To illustrate the error and confirm the underlying cause, we must intentionally construct a matrix in
R that is known to be singular. A simple 2x2 matrix where the columns are identical serves this
purpose perfectly, as the rows are linearly dependent. We use R's ‘'matrix()" function to define this
degenerate structure.

# Create a singular matrix where Column 1 equals Column 2
mat <- matrix(c(1, 1, 1, 1), ncol=2, nrow=2)

# View the matrix structure
mat

11
11

Once this matrix, named "'mat’, is defined, we proceed to attempt the calculation of its inverse
using the solve() function. Since this matrix clearly violates the condition for invertibility (linear
independence), R will immediately call the LAPACK routine, which will fail during decomposition
and raise the familiar error.

# Attempt to invert the singular matrix
solve(mat)
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Error in solve.default(mat) :
Lapack routine dgesv: system is exactly singular: U =0

The resulting error is unambiguous. It confirms that because the matrix structure itself is
fundamentally flawed for inversion purposes, the operation cannot be completed. In real-world data
analysis, this scenario most frequently arises when input data contains redundant variables, or
when a model design matrix inadvertently includes perfectly correlated predictors, leading to a
rank-deficient system.

Diagnostic Steps: Verifying Singularity with the det() Function

Before attempting any potentially failing operations like solve(), it is always prudent to verify the
matrix's invertibility. As established in linear algebra, a matrix is singular if and only if its
determinant is zero. R provides the simple and effective det() function specifically for this
diagnostic purpose.

By applying the det() function to our previously defined singular matrix, we can confirm the
mathematical reason for the error:

# Calculate the determinant of the singular matrix
det(mat)

0

The resulting value of zero for the determinant clearly explains the computational failure. This
diagnostic step is crucial for debugging complex statistical models, as it separates a data input
error (a singular matrix) from a computational environment error. If “det(mat)” yields zero, the
matrix is mathematically non-invertible, and the only possible "fix" is to restructure the matrix or the
underlying data.

Note: The concept of the determinant is closely related to matrix rank. A square matrix is singular if
its rank is less than its dimension (i.e., a 3x3 matrix has rank 2 or 1). For a deeper mathematical
exploration of matrices that lack inverses, consulting authoritative resources like those found on
Wolfram MathWorld is highly recommended.

Implementing the Solution: Ensuring Matrix Invertibility

The only effective way to "fix" the "system is exactly singular" error is to ensure that the matrix
being input into the solve() function is non-singular, meaning it must have a non-zero determinant
and linearly independent rows and columns. In practice, this means modifying the matrix definition

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://www.rdocumentation.org/packages/base/versions/3.6.2/topics/solve
https://en.wikipedia.org/wiki/Determinant
https://www.rdocumentation.org/packages/base/versions/3.6.2/topics/det
https://www.rdocumentation.org/packages/base/versions/3.6.2/topics/det
https://en.wikipedia.org/wiki/Determinant
http://mathworld.wolfram.com/SingularMatrix.html
https://www.rdocumentation.org/packages/base/versions/3.6.2/topics/solve
https://en.wikipedia.org/wiki/Determinant
https://statistics.arabpsychology.com/?p=5926
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

Fix in R: system is exactly singular

to eliminate any linear dependencies.

We will now redefine our matrix “mat’ using distinct values that ensure linear independence
between the columns. This new matrix is guaranteed to be invertible, allowing the solve() function
to execute successfully. We start by defining the new, non-singular matrix:

# Create a matrix that is not singular (linearly independent columns)
mat <- matrix(c(1, 7, 4, 2), ncol=2, nrow=2)

# View the new matrix
mat

14
72

Before attempting the inverse calculation, we should apply the det() function again as a verification
step. The determinant of this new matrix (1*2 - 7*4 = 2 - 28 = -26) should be non-zero, confirming
its invertibility:

# Calculate determinant of the non-singular matrix
det(mat)

-26
Since the determinant is -26, the matrix is invertible. We can now safely proceed with the solve()
function to calculate the inverse without encountering the singularity error:

# Invert the matrix successfully
solve(mat)

-0.07692308 0.15384615
0.26923077 -0.03846154

The successful inversion demonstrates that the problem was entirely mathematical and related to
the properties of the input matrix, not the R function itself. The key takeaway for data practitioners
is that careful attention must be paid to multicollinearity and redundancy when constructing
matrices for inversion or solving linear systems.

Advanced Considerations: Numerical Stability and Near-Singularity

While the examples above dealt with matrices that were "exactly singular" (det = 0), in real-world
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computation, a more subtle and equally problematic issue is near-singularity. A matrix is nearly
singular if its determinant is non-zero but extremely close to zero. Due to the limits of floating-point
arithmetic and numerical precision, R may still struggle with these matrices, leading to inaccurate
results or warnings, even if the strict "exactly singular” error is avoided.

When dealing with ill-conditioned matrices (those sensitive to small changes in input), the standard
“solve()” function can become unstable. If restructuring the data to remove near-dependencies is
impossible, alternative techniques must be employed. One common solution is to use a
generalized inverse (or pseudo-inverse), which can be calculated even for singular or non-square
matrices. In R, the “ginv()" function from the MASS package is often used for this purpose,
providing a mathematically sound solution for solving systems where the standard matrix inverse
fails.

The generalized inverse seeks a best-fit solution (the solution with the minimum Euclidean norm)
to the system Ax = B, offering robust results even when A is rank-deficient. While this does not
provide the true inverse, it provides a functional replacement in many statistical contexts,
particularly when estimating regression coefficients from highly correlated data. Understanding
when to pivot from a true inverse calculation to a generalized inverse is a hallmark of advanced
numerical programming in R.

Summary and Further Resources

The "Lapack routine dgesv: system is exactly singular" error is a clear indication that the input
matrix lacks an inverse, typically because its rows or columns are linearly dependent, resulting in a
zero determinant. The primary solution is always data restructuring to ensure linear independence.

We successfully demonstrated how to reproduce and resolve this error by verifying the determinant
using det() and ensuring the matrix is non-singular before proceeding with the inversion using

solve().

The following tutorials explain how to fix other common errors in R:
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