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The Evolution of Classification: From Logistic Regression to LDA

In the vast landscape of statistical modeling and machine learning, the fundamental task of

classification--assigning observations to predetermined categories--remains essential. When

initially faced with a binary problem, where the response variable has only two possible classes,

the standard starting point is often logistic regression. This technique is adept at estimating the

probability of class membership based on a linear combination of predictor features.

However, many real-world prediction challenges extend beyond simple binary outcomes, involving

multiple classes. When the response variable is multiclass, or when the underlying data

distributions require a more sophisticated probabilistic approach, practitioners typically move

towards methods rooted in statistical decision theory. The most widespread and foundational

extension in this domain is Linear Discriminant Analysis (LDA).

LDA provides a robust framework for classification, particularly effective when classes are

expected to be statistically separable and share common structural properties. It operates by

modeling the distribution of predictor variables within each class and then utilizing Bayes' theorem

to calculate the probability that a new observation belongs to one class versus another. Before

exploring its advanced counterpart, it is vital to grasp the stringent statistical assumptions that

govern LDA and explain why **Quadratic Discriminant Analysis (QDA)** was later developed.

The Foundational Assumptions of Linear Discriminant Analysis (LDA)

Linear Discriminant Analysis (LDA) relies on two core, simplifying assumptions regarding the

nature of the data distribution. These assumptions are crucial because they allow the model to

achieve computational efficiency and stability, often performing well even when the sample size is

moderate relative to the dimensionality of the features.

The principal requirements for LDA are: (1) Normality: Observations within each class are

assumed to follow a normal distribution (also known as a Gaussian distribution) in the feature

space. (2) Homoscedasticity: Critically, observations from all classes must share an identical

covariance matrix, denoted as $Sigma$. This homogeneity assumption implies that the variance

and correlation structure is consistent across all groups.

Given these constraints, LDA calculates specific parameters derived from the training data for each

class $k$. These parameters are then used to construct a linear discriminant function designed to

maximize class separation while accounting for the shared variance structure. The key

components estimated by LDA include:

$mu_{k}$: The mean vector for all training observations belonging to the $k^{th}$ class.

$Sigma^{2}$: The pooled covariance matrix, calculated as the weighted average of the sample
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variances across all $k$ classes. This pooling mechanism significantly reduces the total number of

parameters that must be estimated, leading to a lower variance model.

$pi_{k}$: The prior probability, which represents the observed proportion of training observations

belonging to the $k^{th}$ class.

LDA subsequently uses these estimates in the discriminant function. It assigns a new observation

$X = x$ to the class $k$ for which the function produces the largest value:

D$_{k}(x) = x cdot (mu_{k}/Sigma^{2}) - (mu_{k}^{2}/2Sigma^{2}) + log(pi_{k})$

The term *Linear* in LDA stems directly from the fact that the resulting decision boundary, which

separates the classified regions, is determined by *linear functions* of the observation vector $x$.

While this simplicity provides stability and robustness, it fundamentally limits the model's ability to

accurately fit complex, non-linear boundaries in the feature space.

Introducing Quadratic Discriminant Analysis (QDA)

The need to model more intricate class separations led to the development of **Quadratic

Discriminant Analysis (QDA)**. This method is a crucial extension designed specifically to

overcome the most restrictive assumption of LDA: the requirement for shared covariance matrices.

While QDA maintains the foundational assumption that observations must be normally distributed

within each class, it introduces significant flexibility by relaxing the constraint of homoscedasticity.

QDA is a classification approach that postulates that each class $k$ possesses its own unique

variance and correlation structure, captured by a class-specific covariance matrix, $Sigma_{k}$.

Instead of estimating a single, pooled estimate across all groups, QDA models the observations

$X$ belonging to the $k^{th}$ class as following a multivariate normal distribution defined as $X

sim N(mu_{k}, Sigma_{k})$.

This increased modeling flexibility allows QDA to effectively handle situations where the shape,

orientation, or spread of the data distributions varies substantially between categories. For

example, one class might exhibit high variance and be widely dispersed, while another is tightly

clustered and narrowly oriented. By accommodating these non-homogeneous variance structures,

QDA often yields a more accurate, less biased fit when the true population distributions are

complex and unequal.

Because QDA estimates separate variance structures, it requires estimating a unique set of

parameters for every class $k$:

$mu_{k}$: The mean vector calculated exclusively from the training observations of the $k^{th}$

class.

$Sigma_{k}$: The class-specific covariance matrix, estimated only from the data points belonging
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to the $k^{th}$ class. This requirement demands significantly more data for stable estimation

compared to the single pooled matrix used in LDA.

$pi_{k}$: The prior probability (proportion) of training observations belonging to the $k^{th}$ class.

The Mathematical Distinction: Quadratic Decision Boundaries

The fundamental difference in modeling philosophy between LDA and QDA is mathematically

embedded within their respective discriminant functions, which ultimately determine the shape of

the decision boundary used for classification. This boundary represents the locus where the

classification probabilities for any two classes are equal.

The discriminant function for QDA is substantially more complex than that of LDA. It incorporates

the inverse of the class-specific covariance matrix ($Sigma_{k}^{-1}$) and features a critical term

involving the squared difference between the observation vector and the class mean. The function

used by QDA to assign an observation $X = x$ to the most probable class is:

D$_{k}(x) = -1/2 cdot (x-mu_{k})^{T} Sigma_{k}^{-1}(x-mu_{k}) - 1/2 cdot log|Sigma_{k}| +

log(pi_{k})$

QDA earns its name, *Quadratic* Discriminant Analysis, because the value generated by this

function, and consequently the decision boundary, relies on *quadratic functions* of $x$.

Specifically, the quadratic term $(x-mu_{k})^{T} Sigma_{k}^{-1}(x-mu_{k})$ enables the model to

define curved, non-linear decision boundaries. This capacity is essential for accurately separating

classes whose distributions overlap, intersect, or are shaped distinctly.

This difference highlights a key trade-off in statistical modeling: LDA, with its linear function,

provides a simple boundary that minimizes estimation variance (due to fewer parameters), while

QDA, with its quadratic function, provides a complex, curved boundary that minimizes

approximation bias when the classes definitively do not share the same covariance structure.

Strategic Choice: When QDA Outperforms LDA

The selection between LDA and QDA is a critical modeling decision that requires balancing the

model's flexibility against the risk of overfitting, particularly in relation to the available sample size.

LDA is inherently a lower-variance model because it estimates only one pooled covariance matrix,

making it the more stable choice when data is limited.

Conversely, QDA should be preferred only in scenarios where the increased model complexity is

strongly warranted by both the volume and structure of the data. Since QDA estimates a separate

$Sigma_{k}$ for every class, the total count of parameters requiring estimation increases

dramatically. Accurate estimation of these parameters necessitates a robust amount of data.
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QDA generally provides superior performance over LDA when two specific conditions are met

simultaneously:

The Training Set is Substantial. A large volume of training data is indispensable for reliably and

accurately estimating the high number of parameters associated with the class-specific covariance

matrices. If the dataset is insufficient, QDA's estimates will suffer from high variance, leading to

poor generalization and overfitting on new, unseen data.

Heteroscedasticity is Evident (Unequal Covariance Matrices). If initial data exploration, such

as visualizing the feature space colored by class, strongly indicates that the spread, size, or

orientation of the data differs significantly across the groups, QDA is the appropriate method to

capture these distinct structures using its flexible, non-linear boundaries.

In summary, when the conditions of large sample size and heteroscedasticity hold, QDA's ability to

provide a less biased fit allows it to deliver superior classification accuracy compared to the rigid

linear constraints imposed by LDA.

Essential Data Preparation for QDA Models

The performance of any classification algorithm based on probabilistic distributions, such as QDA,

is exceptionally sensitive to the quality and proper preparation of the input data. Failure to ensure

that the data adheres to the model's underlying statistical assumptions will inevitably lead to

inaccurate parameter estimates and unreliable predictions.

Before implementing a QDA model, data scientists must rigorously confirm that the dataset meets

the following critical requirements:

The Response Variable Must Be Categorical. QDA is designed exclusively for classification

problems. The dependent variable must comprise distinct, discrete classes. If the objective

involves predicting a continuous numerical value, standard regression techniques must be

employed instead.

Observations Must Approximate a Normal Distribution. Both LDA and QDA rest on the strong

assumption that the data points within each class are approximately normally distributed. It is

mandatory to check the distribution of values for every predictor within each class using

visualization methods, such as histograms or quantile-quantile (QQ) plots. If distributions show

significant skewness or non-normality, data transformations (e.g., logarithmic or power

transformations) should be applied to better satisfy the Gaussian requirement.

Careful Handling of Extreme Outliers. QDA is acutely sensitive to outliers. Since the model

relies on accurately estimating both class means ($mu_{k}$) and, more critically, the class-specific

covariance matrices ($Sigma_{k}$), even a few extreme data points can drastically distort these

core estimates. Practitioners should visually inspect the dataset for outliers using tools like

boxplots or scatterplots and deploy appropriate outlier management strategies, which may involve
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removal, robust imputation, or specialized data transformation techniques.

Implementing QDA in Standard Data Science Environments

Quadratic Discriminant Analysis is a mature and widely adopted algorithm, ensuring its availability

across all major statistical programming platforms and machine learning libraries, including R and

Python's Scikit-learn. The implementation of QDA follows the typical machine learning workflow,

encompassing crucial steps such as rigorous data splitting (for training and testing), model fitting,

and comprehensive performance evaluation using appropriate metrics.

To facilitate the practical application of this powerful classification method, the following

instructional resources offer detailed, step-by-step guidance on how to execute quadratic

discriminant analysis using industry-standard programming languages:

Quadratic Discriminant Analysis in R (Step-by-Step)

Quadratic Discriminant Analysis in Python (Step-by-Step)
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