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Foundations of the Law of Total Probability

The Law of Total Probability (LTP) is a fundamental theorem in probability theory that allows us to

compute the probability of an event, often labeled A, by systematically considering all possible
preceding scenarios or conditions that could lead to that event. This law is particularly powerful
when the direct calculation of P(A) is complex or impossible without breaking down the problem
into smaller, mutually exclusive components. It serves as a necessary conceptual bridge between
overall unknown probabilities and known conditional probabilities.

Understanding the LTP requires a solid grasp of two key concepts: partitions and conditional
probability. A partition refers to a set of events, B1, B2, ..., Bn, which collectively cover the entire
sample_space S and are mutually exclusive (meaning no two events can occur simultaneously).

This structural requirement ensures that one and only one of the partitioning events must happen
in any given trial.

The utility of this law becomes clear in situations involving multi-stage experiments or observational
studies where the outcome of an initial step inherently influences the probabilities of the
subsequent steps. By systematically accounting for the probability of each initial condition (the B
events) and the resulting probability of our target event A under that condition, we achieve the total
probability. This structured, exhaustive approach simplifies complex probability models
dramatically.

Formal Definition and Mathematical Notation

Formally, the Law of Total Probability provides an exact mathematical framework for combining

these conditional probabilities. It is defined based on the requirement that the events Bi must
satisfy the conditions of a partition: they must be pairwise disjoint (mutually exclusive), and their
union must equal the entire sample space S (collectively exhaustive).

When these prerequisites are met, the probability of any event A can be expressed as the sum of
the probabilities of A occurring jointly with each of the partitioning events Bi. This joint probability is
expanded using the multiplication rule of probability, which leads directly to the canonical formula.

The Law of Total Probability

If the events B1, B2, B3, ..., Bn constitute a partition of the sample space S, then the probability of
any event A is calculated using the following summation:

P(A) = Zi=1n P(A|Bi) * P(Bi)
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In this formula, P(Bi) represents the prior probability of the condition Bi occurring, and P(A|Bi) is the
conditional probability of event A occurring given that event Bi has already occurred. The

summation (X) aggregates the weighted probabilities across all possible scenarios established by
the partition, ensuring that no possibility is overlooked.

Practical Application: The Marble Bag Scenario

The most straightforward approach to internalizing the Law of Total Probability is through a
concrete, two-stage experiment. Consider a scenario where we have multiple initial sources, and
we must factor in the chance of selecting each source before determining the final outcome.

Suppose a box contains two distinct bags of marbles, which define our partitioning events B1 and
B2. The contents of these bags are detailed below, providing us with the necessary conditional
information:

Bag 1 (B1): Contains 7 red marbles and 3 green marbles (Total: 10 marbles).
Bag 2 (B2): Contains 2 red marbles and 8 green marbles (Total: 10 marbles).

If we first randomly select one of the bags (P(B1) = 0.5, P(B2) = 0.5) and then randomly select a
single marble from the chosen bag, our objective is to determine P(G), the total probability that the
selected marble is green. Since the selection of Bag 1 and Bag 2 forms a necessary and
exhaustive partition of the sample space, we must use the LTP.

First, we calculate the conditional probabilities of drawing a green marble (G) given the selection of
each specific bag:

P(G | B1) =3/10=0.3
P(G | B2)=8/10=0.8

Applying the Law of Total Probability, where P(B1) and P(B2) are both 0.5 (since the bag selection
is random and equally likely):

P(G) = P(G|B1) * P(B1) + P(G|B2) * P(B2)
P(G) = (0.3) * (0.5) + (0.8) * (0.5)

P(G) = 0.15 + 0.40

P(G) = 0.55

The total probability of choosing a green marble is 0.55. This solution demonstrates how the LTP
effectively weights the outcomes based on the likelihood of the preceding events.
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Real-World Case Study: Analyzing Defective Widgets

The Law of Total Probability is frequently utilized in quality control, supply chain management, and
manufacturing analysis, especially when products originate from multiple suppliers, each with a
different known rate of quality assurance. This scenario provides a critical framework for
calculating the overall defect rate of a consolidated inventory.

Consider a large car shop that sources its inventory of widgets from two companies, A and B:

Company A (B1): Supplies 80% of all widgets (P(B1) = 0.80). Their known defect rate is 1%
(P(D|B1) = 0.01).
Company B (B2): Supplies the remaining 20% of widgets (P(B2) = 0.20). Their defect rate is 3%
(P(D|B2) = 0.03).

We are interested in finding P(D), the total probability that a randomly selected widget from the car
shop's stock is defective. The suppliers (A and B) form the partition necessary for the LTP
calculation, as every widget must come exclusively from one of these two sources.

Supplies 80% of widgets
1% are defective

Company A

Supplies 20% of widgets
3% are defective

Company B

By applying the formula, we combine the contribution of defects from each supplier. We multiply
the probability of receiving a widget from a specific company by that company's specific defective
rate (the conditional probability):

P(D) = P(D|B1) * P(B1) + P(D|B2) * P(B2)
P(D) = (0.01) * (0.80) + (0.03) * (0.20)
P(D) = 0.008 + 0.006

P(D) = 0.014
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The overall probability that a randomly purchased widget will be defective is 0.014, or 1.4%. This
calculation illustrates how the Law of Total Probability correctly weights the contribution of each
supplier based on their market share (prior probability) to determine the aggregated risk.

Complex Scenarios: Probability in Multi-Stage Environments

The utility of the Law of Total Probability scales effectively to scenarios involving three or more
mutually exclusive events forming the partition. This next example demonstrates how the formula
extends using summation notation () when the sample space is divided into three or more
subsets, requiring the calculation of three distinct weighted products.

Imagine a large natural park divided into three distinct forested regions, each occupying a different
proportion of the total land and containing different densities of poisonous plants:

Forest A (B1): Occupies 50% of the land (P(B1) = 0.50). 20% of its plants are poisonous (P(P|B1)
=0.20).

Forest B (B2): Occupies 30% of the land (P(B2) = 0.30). 40% of its plants are poisonous (P(P|B2)
= 0.40).

Forest C (B3): Occupies the remaining 20% of the land (P(B3) = 0.20). 70% of its plants are
poisonous (P(P|B3) = 0.70).

If a visitor randomly enters this park and picks a plant (P) from the ground, the probability that this
plant is poisonous must account for the likelihood of the visitor being in Forest A, B, or C. Since
P(B1) + P(B2) + P(B3) = 1.00, these three forests successfully form a complete partition of the
park's land area.

Occupies 50% of total land
Forest A 20% of plants are poisonous
Occupies 30% of total land
ForestB 40% of plants are poisonous
Occupies 20% of total land
Forest C 70% of plants are poisonous

Using the Law of Total Probability, we compute P(P) by summing the products of the forest

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://statistics.arabpsychology.com/?p=10886
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

Understanding the Law of Total Probability: A Comprehensive Guide

probability and the conditional probability of finding a poisonous plant within that forest:

P(P) = =P(P|Bi) * P(Bi) fori=1to 3

P(P) = P(P|B1)*P(B1) + P(P|B2)*P(B2) + P(P|B3)*P(B3)
P(P) = (0.20)*(0.50) + (0.40)*(0.30) + (0.70)*(0.20)
P(P)=0.10 + 0.12 + 0.14

P(P)=0.36

The calculated probability that a randomly chosen plant is poisonous is 0.36. This demonstrates
the seamless application of the LTP to scenarios involving any finite number of partitioning events.

Relationship to Bayes' Theorem and Conclusion

While the Law of Total Probability is powerful in its own right for calculating marginal probabilities, it
forms the crucial denominator (known as the marginal likelihood) in Bayes' Theorem. If we wish to

reverse the conditional relationship--for instance, determining the probability that a defective widget
came from Company B, given that we know it is defective--we must utilize the total probability
derived from the LTP in the denominator of Bayes' formula.

In essence, the Law of Total Probability provides the foundational structure for calculating the
overall likelihood of an event A based on the exhaustive set of prior conditions. This ability to
synthesize knowledge from multiple, distinct pathways makes it indispensable not only in
theoretical probability theory but also in applied fields such as risk assessment, epidemiological

modeling, and statistical inference.

Mastery of this concept allows statisticians and analysts to break down seemingly intractable
problems into manageable, weighted, conditional steps. It is a cornerstone of probabilistic thinking
and a necessary prerequisite for advanced Bayesian analysis.

Additional Resources
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