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Welcome to this comprehensive tutorial dedicated to mastering matrix multiplication. This operation

is a cornerstone of linear algebra and is widely applied across computational fields, including

computer graphics, physics simulations, and data analysis. Our specific focus here is the

meticulous, step-by-step process required to multiply a 2×2 matrix by a 2×3 matrix, clearly

defining the rules and demonstrating the mechanics involved.

I. Establishing Compatibility: The Pre-Requisite Rule

Before embarking on the process of multiplying any two matrices, it is absolutely essential to verify

their compatibility. Compatibility is determined by a strict structural requirement: the number of

columns in the first matrix must precisely equal the number of rows in the second matrix. This rule

ensures that every element in the row of the first factor has a corresponding element in the column

of the second factor for the critical dot product calculation.

To formalize this, if we denote Matrix A with dimensions m×n and Matrix B with dimensions p×q,

the product A × B is only mathematically defined if and only if the inner dimensions match: n = p. If

this condition is not met, the operation cannot be performed. This fundamental constraint ensures

that the vector multiplication required at the core of the process can be executed consistently

across all elements.

In the context of this specific tutorial, we are dealing with the multiplication of a 2×2 matrix (Matrix

A) by a 2×3 matrix (Matrix B). Since Matrix A has 2 columns and Matrix B has 2 rows, the inner

dimensions (2 and 2) match successfully. Therefore, the operation A × B is defined and valid.

Furthermore, the resulting product matrix will inherit the dimensions of the outer numbers (the rows

of the first and the columns of the second), yielding a resultant matrix of 2×3 dimension. This

resulting matrix will possess two rows and three columns.

II. Defining the Generic Factors for Multiplication

To properly illustrate the mechanics of matrix multiplication, we must first define our factor matrices

using generic element notation. The notation Aij refers to the element located in the i-th row and

the j-th column of Matrix A. This positional notation is vital for tracking which elements interact

during the complex multiplication process.

Let us define the first factor, Matrix A. As a 2×2 dimension matrix, it contains 2 rows and 2

columns, represented by the generic elements below. Notice that the indices range from 1 to 2 for

both rows and columns:

table {

border-collapse: collapse;

border-spacing: 0;
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A =
A11 A12

A21 A22

Next, we introduce the second factor, Matrix B, which is the 2×3 matrix. This matrix has 2 rows

and 3 columns, confirming its suitability as the multiplier. Its generic form illustrates the three

columns that will dictate the structure of the resulting product matrix. The extra column ensures

that the final result will be wider than the initial square matrix A, highlighting the non-commutative

nature of matrix operations.

table {

border-collapse: collapse;
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B =
B11 B12 B13

B21 B22 B23

III. The Core Mechanism: Row-by-Column Dot Product

The fundamental method used in matrix multiplication is the calculation of the dot product between

the rows of the first matrix (A) and the columns of the second matrix (B). Each element in the

resulting product matrix, which we will call C, is derived from a single dot product operation.

Specifically, the element Cij is calculated by taking the dot product of the i-th row of A and the j-th

column of B.
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To calculate the element C11 (first row, first column), for example, we must multiply the elements

of the first row of A by the corresponding elements of the first column of B, and then sum these

products. This row-by-column procedure is repeated systematically for every single element

position in the resulting 2×3 matrix. Understanding this mechanism is the key to performing matrix

multiplication accurately, regardless of the size or complexity of the factor matrices.

The general formula for calculating the product A × B, which results in the 2×3 matrix C, is

explicitly detailed below. This visual representation shows exactly which elements are paired

together to form each entry in the final product matrix C:

table {
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}

.blue {

color: blue;

}

A x B =
A11*B11+A12*B21 A11*B12+A12*B22 A11*B13+A12*B23

A21*B11+A22*B21 A21*B12+A22*B22 A21*B13+A22*B23

As clearly demonstrated by the expanded formula, the final result of multiplying the 2×2 matrix A

by the 2×3 matrix B is indeed a new matrix C with dimensions 2×3. The following sections utilize

specific numerical values to solidify this procedure, showing exactly how the row-by-column

calculations lead to the final numerical entries.

IV. Worked Examples of (2×2) × (2×3) Multiplication

To reinforce the conceptual understanding of the dot product method, this section provides detailed

practical exercises using real numbers. These examples are designed to illustrate the application

of the general formula step-by-step, emphasizing how the elements of the rows in the first matrix

align and interact with the elements of the columns in the second matrix for the calculation of each

individual entry.

Example 1: Calculating C × D with Positive Integers

We begin with Matrix C, a standard 2×2 matrix, containing only positive integer values:

table {

border-collapse: collapse;

border-spacing: 0;

padding: 0;

}

td.tdleft {

border-top: solid 1px #000;
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C =
7 5

6 3

And here is Matrix D, the 2×3 multiplier, which dictates the column count of the final result:

table {
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D =
2 1 4

5 1 2

To calculate the product C × D, we proceed by systematically performing the row-by-column dot

products. For instance, the top-left element (C11) is computed by taking the dot product of the first

row of C (7, 5) and the first column of D (2, 5). The intermediate step below clearly maps the

application of the multiplication rule across all six positions:

table {

border-collapse: collapse;

border-spacing: 0;
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}
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C x D =
7*2 + 5*5 7*1 + 5*1 7*4 + 5*2

6*2 + 3*5 6*1 + 3*1 6*4 + 3*2

After completing the necessary arithmetic for each entry (for instance, the top-left entry calculates

to 14 + 25 = 39, and the bottom-right entry calculates to 24 + 6 = 30), we successfully arrive at the

final product matrix, which maintains the expected 2×3 dimension structure:

table {

border-collapse: collapse;

border-spacing: 0;

padding: 0;
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C x D =
39 12 38

27 9 30

Example 2: Handling Negative Numbers (E × F)

This second example introduces negative integers, requiring meticulous application of the rules of

scalar multiplication during the intermediate product stage before the final summation. Special

attention must be paid to signs to ensure the final result is correct.

We start with Matrix E (2×2), which contains a negative entry:

table {

border-collapse: collapse;

border-spacing: 0;

padding: 0;

}

td.tdleft {

border-top: solid 1px #000;

border-bottom: solid 1px #000;

border-left: solid 1px #000;
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E =
-2 4

9 2

And the 2×3 multiplier, Matrix F:

table {
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F =
3 6 9

2 4 6

The intermediate calculation steps for E × F are presented below. Notice specifically the

calculation for the top-left element: (-2 × 3) + (4 × 2). This demonstrates how the multiplication of a

negative number by a positive number yields a negative intermediate product (-6), which is then

summed with the second product (8), resulting in 2. This iterative process is crucial when signs are

mixed.

table {

border-collapse: collapse;
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padding: 0;
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E x F =
-2*3 + 4*2 -2*6 + 4*4 -2*9 + 4*6

9*3 + 2*2 9*6 + 2*4 9*9 + 2*6

By successfully summing the products derived from the row-by-column multiplication and correctly

managing the negative signs, we obtain the final product matrix (2×3). The resulting entries are:

table {

border-collapse: collapse;

border-spacing: 0;

padding: 0;

}

td.tdleft {

border-top: solid 1px #000;
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E x F =
2 4 6

31 62 93

Example 3: Standard Calculation (G × H)

Our final example offers one last opportunity to practice the standard procedure using positive

integers, ensuring the method of matrix multiplication is fully internalized. This exercise focuses

on clarity and speed in performing the required arithmetic.

We begin with Matrix G (2×2):

table {

border-collapse: collapse;

border-spacing: 0;

padding: 0;
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G =
2 3

4 5

And the 2×3 matrix, Matrix H:

table {

border-collapse: collapse;

border-spacing: 0;

padding: 0;

}

td.tdleft {
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H =
1 2 3

4 5 6

When calculating G × H, we rigorously apply the row-by-column rule for each of the six resulting

positions. Consider the calculation for the element in the second row, second column (G22). This is

found by pairing row 2 of G (4, 5) with column 2 of H (2, 5). The resulting calculation is explicitly (4

× 2) + (5 × 5), which simplifies to 8 + 25 = 33. This detail confirms the validity of the final product's

entry.

table {
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padding: 0;
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G x H =
2*1 + 3*4 2*2 + 3*5 2*3 + 3*6

4*1 + 5*4 4*2 + 5*5 4*3 + 5*6

After performing all intermediate summations (e.g., 2*1 + 3*4 = 2 + 12 = 14), the resulting 2×3

product matrix is finalized:

table {

border-collapse: collapse;
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G x H =
14 19 24

24 33 42

V. Verification and Supplementary Resources

While achieving mastery of the manual, step-by-step process of matrix multiplication is

indispensable for a solid foundation in linear algebra, using a digital tool for verification is highly

recommended. Utilizing a reliable matrix calculator ensures absolute accuracy, particularly when

dealing with potentially complex inputs, large matrices, or situations involving fractional or negative

values. This practice serves as an excellent double-check for your manual solutions.
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Several excellent matrix calculators are available online. For a user-friendly experience that quickly

confirms the calculated product dimensions and entry values, we suggest utilizing the Math is Fun

Matrix Calculator.

If you prefer a visual demonstration or require further clarification on how the rows and columns

physically align and interact during the calculation--a concept sometimes difficult to grasp from

static text--the embedded video tutorial below provides an animated walkthrough of the entire

multiplication process.

https://www.youtube.com/watch?v=yeKJbi8-heE
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