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The multinomial coefficient is a crucial concept in combinatorics, serving as a powerful

generalization of the binomial coefficient. It provides a methodical way to count the number of

distinct arrangements or groupings possible when partitioning a set of objects into multiple,

predefined categories. Specifically, a multinomial coefficient describes the number of possible

partitions of n total objects into k groups, with each group i having a specified size of $n_i$. The

foundational requirement for this calculation is that the sum of the sizes of these groups must equal

the total number of objects, ensuring that $n_1 + n_2 + dots + n_k = n$. This coefficient is

essential for problems involving permutations of multisets, where certain elements are

indistinguishable.

Understanding this coefficient allows analysts to accurately determine the total number of unique

arrangements possible when dealing with repetitions. By accounting for identical items within the

overall set, the formula avoids the common pitfall of overcounting arrangements that are

structurally the same. This robust applicability makes the multinomial coefficient an indispensable

tool across fields ranging from statistical physics to genetic modeling, wherever distinct

classifications of a finite population are required.

The Formula for Calculating the Multinomial Coefficient

The mathematical expression for the multinomial coefficient is defined using the factorial function.

The coefficient provides the total number of ways to divide $n$ items into $k$ bins with specified

capacities. The general notation is often represented as $binom{n}{n_1, n_2, dots, n_k}$, where

$n$ is the numerator (the total number of items) and the denominator consists of the factorials of

the individual group sizes.

The formula to calculate a multinomial coefficient is:

Multinomial Coefficient = n! / (n1! * n2! * ... * nk!)

In this formula, n represents the total number of items, while the terms $n_1, n_2, dots, n_k$

represent the size of each of the $k$ distinct groups. The term $n!$ calculates the total number of

theoretical permutations if all items were unique. Subsequently, dividing by the product of the

factorials of the group sizes ($n_i!$) cancels out the overcounting that results from the

indistinguishable nature of the objects within each group. This process ensures that the result

reflects only the genuinely unique partitions possible under the specified constraints.

A crucial detail is the relationship this coefficient shares with its binomial counterpart. If we restrict

the number of groups $k$ to only two, the formula simplifies to the standard binomial coefficient

$binom{n}{n_1}$, since $n_2$ must equal $n-n_1$. This confirms the multinomial coefficient as a

comprehensive extension for dealing with more complex partitioning scenarios. The following

examples illustrate how to calculate the multinomial coefficient in practice across different contexts.
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Example 1: Permutations of Letters in a Word

The concept of the multinomial coefficient is perhaps most intuitively understood through the

problem of finding the number of unique rearrangements of a word containing repeated letters. If

all letters were distinct, finding the number of permutations would simply involve calculating $n!$.

However, when letters are repeated, we must use the multinomial formula to correctly adjust for

these redundancies.

Let us determine how many unique partitions of the word ARKANSAS are possible. The total

number of letters, $n$, is 8. We must first identify the frequency of each unique letter, which

defines our group sizes ($n_i$).

Solution Setup: We identify the variables necessary for the calculation:

n (total letters): 8

n1 (frequency of letter "A"): 3

n2 (frequency of letter "R"): 1

n3 (frequency of letter "K"): 1

n4 (frequency of letter "N"): 1

n5 (frequency of letter "S"): 2

We confirm that $3 + 1 + 1 + 1 + 2 = 8$.

Applying the formula using the factorial notation yields the following calculation:

Multinomial Coefficient = $8! / (3! cdot 1! cdot 1! cdot 1! cdot 2!)$

Calculation Steps: $8! = 40,320$. The denominator simplifies to $3! cdot 2! = (6) cdot (2) = 12$.

Multinomial Coefficient = $40,320 / 12 = mathbf{3,360}$

There are 3,360 unique permutations of the word ARKANSAS. This result clearly illustrates the

power of the coefficient in handling permutations where elements are repeated.

Example 2: Group Partitioning Based on Characteristics

The applications of the multinomial coefficient extend far beyond simple word games; they are vital

for calculating the number of ways to partition a larger, heterogeneous group of distinct items or

people into predefined categories or classes. This is highly relevant in statistical modeling and

organizational studies where cohorts are defined by attributes such as demographic data or

academic standing.

Consider a group of six students: 3 seniors, 2 juniors, and 1 sophomore. We are interested in
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determining the number of unique arrangements or partitions of this group based strictly on their

academic grade. Since the students within the same grade are treated as indistinguishable for the

purpose of arrangement by category, this becomes a direct application of the multinomial

coefficient.

Variable Identification: We identify the total number of students ($n$) and the count for each

category ($n_i$):

n (total students): 6

n1 (total seniors): 3

n2 (total juniors): 2

n3 (total sophomores): 1

The total $n = 3 + 2 + 1 = 6$ is verified.

We substitute these group sizes into the formula:

Multinomial Coefficient = $6! / (3! cdot 2! cdot 1!)$

Calculation: $6! = 720$. The denominator is $3! cdot 2! cdot 1! = (6) cdot (2) cdot (1) = 12$.

Multinomial Coefficient = $720 / 12 = mathbf{60}$

There are 60 unique partitions of these students when classified by grade. This result is directly

applicable in situations requiring the enumeration of specific cohort arrangements within a larger

population.

Example 3: Categorical Arrangements in Social Sciences

The utility of the multinomial coefficient becomes even clearer in disciplines like political science

and sociology, where researchers frequently classify populations into mutually exclusive

categories, such as political affiliation, ethnicity, or survey response levels. Determining the

number of possible configurations for a sample set is the first step toward calculating the

probability of observing that specific configuration.

Consider a sample of ten residents classified by their political preference: 3 are Republicans, 5 are

Democrats, and 2 are Independents. We aim to find the total number of unique arrangements of

this group of residents based on their stated party preference.

Solution Strategy: We treat $n=10$ residents as the total objects, and the three political parties

define the groups ($k=3$). We utilize the specified counts ($n_1, n_2, n_3$) to compute the result

using the multinomial coefficient formula.

https://en.wikipedia.org/wiki/Multinomial_coefficient
https://statistics.arabpsychology.com/?p=12248
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com


Understanding Multinomial Coefficients: Definition, Formula, and Practical Examples 5

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com

We identify the group sizes:

n (total residents): 10

n1 (total Republicans): 3

n2 (total Democrats): 5

n3 (total Independents): 2

The total is $3 + 5 + 2 = 10$.

The calculation is as follows:

Multinomial Coefficient = $10! / (3! cdot 5! cdot 2!)$

Calculation: $10! = 3,628,800$. The denominator, determined by the product of the factorials, is

$3! cdot 5! cdot 2! = (6) cdot (120) cdot (2) = 1,440$.

Multinomial Coefficient = $3,628,800 / 1,440 = mathbf{2,520}$

There are 2,520 unique partitions of these residents by political party. This robust method ensures

that when determining the probability of observing this specific political breakdown in a sample, the

number of ways this specific outcome can occur is precisely accounted for.

The Multinomial Coefficient in Probability Theory

While the core function of the multinomial coefficient is enumeration, its most significant theoretical

role is in defining the multinomial distribution. This distribution is the statistical framework used

when analyzing sequences of independent trials where each trial can result in one of $k$ possible

outcomes, rather than the binary (success/failure) outcomes handled by the binomial distribution.

The probability mass function (PMF) of the multinomial distribution explicitly incorporates the

multinomial coefficient. The PMF provides the probability of observing exactly $n_1$ outcomes of

type 1, $n_2$ outcomes of type 2, and so on, up to $n_k$ outcomes of type $k$, given $n$ total

trials and the fixed probabilities ($p_i$) for each outcome. The coefficient serves as the normalizing

constant, ensuring that all possible arrangements leading to the observed counts are included in

the probability calculation.

This mathematical relationship highlights why mastering the multinomial coefficient is foundational

for understanding advanced statistical concepts. Researchers in fields such as genetics (analyzing

allele distributions) and market research (analyzing product choices) rely heavily on the

multinomial framework to model and predict categorical results accurately.
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Additional Resources

The multinomial coefficient is used in part of the formula for the multinomial distribution, which

describes the probability of obtaining a specific number of counts for k different outcomes, when

each outcome has a fixed probability of occurring.

Bonus: You can use the Multinomial Coefficient Calculator to easily calculate multinomial

coefficients.
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