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One-Tailed Hypothesis Tests: 3 Example Problems

In the vast landscape of statistics, the hypothesis test stands as an indispensable framework for

making evidence-based judgments. This robust methodology empowers researchers and analysts
to formally evaluate claims or assumptions regarding a population parameter by carefully analyzing

data gathered from a sample. By juxtaposing two competing hypotheses and scrutinizing empirical
evidence, we can determine whether the statistical support is sufficient to accept or reject a
specific statement about the larger population. This article is dedicated to exploring the specific

structure and application of one-tailed hypothesis tests, providing three detailed, practical

examples to solidify your understanding of this critical analytical tool.

The Core Principles of Statistical Hypothesis Testing

A hypothesis test is a rigorous procedure designed to assess the strength of data evidence against

a predefined claim. This claim typically concerns a measurable characteristic of a statistical
population, such as its central tendency (mean), its proportion, or its variability (standard
deviation). The foundation of this process involves establishing two mutually exclusive statements
about the population: the null hypothesis and the alternative hypothesis.

The null hypothesis, symbolized as HO, represents the conventional wisdom, the status quo, or a

statement asserting no difference, no effect, or no relationship. It is the statement that the analyst
assumes to be true and seeks evidence to disprove. Conversely, the alternative hypothesis, often

denoted as HA (or H1), represents the researcher's specific claim--the statement suggesting that
an effect, difference, or relationship truly exists. These two hypotheses are fundamentally opposed;
the goal of the test is to decide, based on the sample evidence, which statement is better
supported.

The formal structure for these competing claims revolves around a specific population parameter

(e.g., the mean p or the proportion p) and a hypothesized numerical value. When testing a claim
about a population mean, for instance, the hypotheses are usually constructed using one of the
following foundational sets:

HO (Null Hypothesis): The population parameter is equal to, less than or equal to, or greater than

or equal to a specified value. Examples include: p = 20, p < 20, or p = 20.
HA (Alternative Hypothesis): The population parameter is not equal to, less than, or greater than

that specific value. Examples include: p ? 20, p < 20, or p > 20.

Choosing Between One-Tailed and Two-Tailed Tests

The methodology employed in hypothesis testing--specifically, the choice between a one-tailed test
and a two-tailed test--is entirely dictated by the nature of the research question and whether the
predicted effect has a specific direction. This choice fundamentally alters how the alternative
hypothesis is formulated and where the critical region for rejecting the null hypothesis is located on
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the distribution curve.

A two-tailed test (or non-directional test) is used when the analyst is interested in detecting any
significant deviation from the hypothesized value, whether that deviation is above or below. In this
configuration, the alternative hypothesis always contains the "not equal to" (? ) sign. For example,

if we test whether a new production process changes the average output time, without predicting if
it will be faster or slower, a two-tailed test is appropriate. The critical region is split between both
the upper and lower tails of the distribution.

Conversely, a one-tailed test (or directional test), the focus of this guide, is utilized only when there
is a clear, specific prediction about the direction of the effect. The alternative hypothesis for this

test will utilize either a "less than" (<) sign or a "greater than" (>) sign. This structure signals that
the researcher is exclusively seeking evidence of an increase or a decrease, but not both. For
instance, testing a weight loss program where the only outcome of interest is a *decrease* in
average weight necessitates a one-tailed approach.

Understanding the Directional Power of One-Tailed Tests

The decision to employ a one-tailed test requires justification based on strong theoretical backing,
established prior research, or logical constraints that rule out the opposite direction. When the
directional prediction is correct, the one-tailed test concentrates the entire rejection region into a
single tail, thereby increasing the statistical power to detect that specific effect compared to a two-
tailed test using the same significance level (alpha). However, this power comes with a critical

caveat: if the true effect lies in the direction opposite to the prediction, the one-tailed test is
fundamentally incapable of detecting it, leading to a flawed conclusion.

One-tailed tests are categorized based on where the critical region is situated:

Left-tailed test: The alternative hypothesis uses the "less than" (<) inequality (e.g., i < 50). This

test looks for evidence that the population parameter is significantly smaller than the hypothesized

value. The entire critical region is confined to the left tail of the probability distribution.
Right-tailed test: The alternative hypothesis uses the "greater than" (>) inequality (e.g., 4 > 50).

This test seeks evidence that the population parameter is significantly larger than the hypothesized

value. The entire critical region is confined to the right tail of the probability distribution.

Mastering these distinctions is essential for accurate hypothesis formulation and the correct
interpretation of analytical outcomes. We now proceed to practical examples demonstrating how
these directional tests are applied in diverse real-world contexts.

Example 1. Assessing Widget Weight for Quality Control (Left-Tailed Test)
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Consider a manufacturing facility where a specific widget is designed to have an average weight of
20 grams. A quality control engineer suspects that a recent modification to the production line may
be causing the widgets to be, on average, *lighter* than 20 grams. Since the concern is specifically
about a decrease in weight, a one-tailed hypothesis test is the appropriate choice. The engineer

must test the belief that the mean weight has shifted downward.

The formal setup for this investigation involves formulating the following null and alternative
hypotheses:

HO (Null Hypothesis): The true mean weight of the widgets () is greater than or equal to 20 grams
(1 = 20 grams). This maintains the assumption that the new process has no negative impact on the
weight.

HA (Alternative Hypothesis): The true mean weight of the widgets (l) is less than 20 grams (i < 20
grams). This captures the engineer's specific concern about reduced weight.

Because the alternative hypothesis employs the "less than" (<) sign, we are executing a left-tailed

test. The critical region--the area where the results must fall to reject the null hypothesis--is
situated entirely on the left side of the distribution curve, corresponding to sample means
significantly below 20 grams. The engineer draws a sample of 20 widgets and collects the
necessary data:

n (Sample Size): 20 widgets
X (Sample Mean Weight): 19.8 grams
s (Sample Standard Deviation): 3.1 grams

Using these statistics, a t-test is performed, utilizing the formula: t = (x? - u0) / (s / Vn). This
calculation yields the test statistic and the corresponding p-value, which measures the probability
of observing the sample data if the null hypothesis were true.

The resulting values are:

t-test statistic: -0.288525
One-tailed p-value: 0.388

To reach a conclusion, the p-value (0.388) is compared against the chosen significance level (a =

0.05). Since 0.388 is substantially greater than 0.05, we conclude that we lack sufficient evidence
to reject the null hypothesis. The high p-value indicates that observing a sample mean of 19.8

grams or less is quite probable even if the true population mean remains at 20 grams. Therefore,
the engineer cannot statistically support the claim that the new manufacturing method results in
lighter widgets.

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://en.wikipedia.org/wiki/One-_and_two-tailed_tests#One-tailed_test
https://en.wikipedia.org/wiki/Null_hypothesis
https://en.wikipedia.org/wiki/Null_hypothesis
https://en.wikipedia.org/wiki/Alternative_hypothesis
https://en.wikipedia.org/wiki/Sample_(statistics)
https://en.wikipedia.org/wiki/Student%27s_t-test
https://en.wikipedia.org/wiki/P-value
https://en.wikipedia.org/wiki/P-value
https://en.wikipedia.org/wiki/Significance_level
https://en.wikipedia.org/wiki/Statistical_hypothesis_testing#Interpretation
https://statistics.arabpsychology.com/?p=5206
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

One-Tailed Hypothesis Tests: 3 Example Problems

Example 2: Evaluating New Fertilizer Effectiveness (Right-Tailed Test)

A botanist is investigating a new fertilizer blend, hoping to demonstrate that it outperforms the
standard formula. The current standard is known to produce an average plant growth of 10 inches.
The botanist specifically hypothesizes that the new fertilizer will lead to a greater average growth.
Given this clear expectation of a positive increase, a one-tailed test is required to evaluate this

directional claim.

The botanist defines the following hypotheses concerning the true mean growth () provided by the
new fertilizer:

HO (Null Hypothesis): The true mean growth (l) is less than or equal to 10 inches (i < 10 inches).
This assumes the new fertilizer is either equivalent to or worse than the standard.

HA (Alternative Hypothesis): The true mean growth (p) is greater than 10 inches (i > 10 inches).
This represents the botanist's hypothesis of enhanced growth.

The inclusion of the "greater than" (>) sign in the alternative hypothesis establishes this as a right-

tailed test. The critical region for rejecting the null hypothesis is located entirely within the upper

end of the distribution, corresponding to sample means significantly above 10 inches. To gather
data, the new fertilizer is applied to a random sample of 15 plants, yielding the following results:

n (Sample Size): 15 plants
X (Sample Mean Growth): 11.4 inches
s (Sample Standard Deviation): 2.5 inches

A t-test is performed using these sample characteristics to generate the test statistic and the p-
value. The calculation results are:

t-test statistic: 2.1689
One-tailed p-value: 0.0239

Comparing the calculated p-value (0.0239) to the standard significance level (a = 0.05), we find
that 0.0239 is less than 0.05. This low probability suggests that the observed sample mean of 11.4
inches is highly unlikely if the new fertilizer truly provided no more than 10 inches of growth. Since

the evidence is statistically significant, we have sufficient justification to reject the null hypothesis.

The botanist can confidently conclude that the new fertilizer results in a statistically significant
increase in average plant growth beyond 10 inches.

Example 3: Optimizing Study Methods for Higher Scores (Right-Tailed Test)

A university professor typically sees an average exam score of 82 using the established studying
method. The professor develops a new instructional technique and believes it will specifically lead
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to higher average exam scores. Because the desired outcome is an improvement (a directional

increase), this situation requires a one-tailed hypothesis test.

The professor structures the investigation by defining the following hypotheses for the true mean
exam score (U):

HO (Null Hypothesis): The true mean exam score (W) using the new method is less than or equal to
82 (1 < 82). This represents the assumption that the new method is ineffective or equivalent to the
old method.

HA (Alternative Hypothesis): The true mean exam score (U) using the new method is greater than
82 (1 > 82). This reflects the professor's prediction of improved performance.

Since the alternative hypothesis contains the "greater than" (>) sign, this is designated as a right-

tailed test. The critical region is focused entirely on the upper tail of the distribution, as the
professor only accepts evidence that shows scores significantly exceeding 82. The professor
applies the new method to a sample of 25 students and gathers the following exam data:

n (Sample Size): 25 students
X (Sample Mean Score): 85
s (Sample Standard Deviation): 4.1

The sample statistics are then used in a t-test calculation, resulting in:

t-test statistic: 3.6586
One-tailed p-value: 0.0006

With a p-value of 0.0006, which is far below the standard significance level of a = 0.05, there is

overwhelmingly strong evidence to reject the null hypothesis. This minute p-value implies that

observing an average score of 85 or higher would be highly improbable if the new method truly did
not improve scores beyond 82. The professor can confidently conclude that the new studying
method is effective and produces a statistically significant increase in average exam scores.

Deepening Your Statistical Knowledge

The examples above illustrate the power and precision of hypothesis testing when a clear

directional prediction guides the analysis. To further enhance your ability to perform and interpret
these tests accurately, it is beneficial to explore the underlying statistical concepts in greater detail.

We encourage you to delve into topics such as the concept of degrees of freedom, which is

essential for t-tests, or to study the consequences of Type | and Type Il errors. Understanding how
to select the appropriate significance level based on the potential risks of these errors will ensure

that your statistical conclusions are not only mathematically sound but also strategically relevant to
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your research objectives.
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