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Understanding and Verifying the Assumptions for Accurate Confidence Intervals

When conducting statistical inference, the reliability of our conclusions--particularly when

calculating confidence intervals (Cls)--rests entirely upon meeting specific underlying assumptions.
If these critical requirements are neglected or violated, the resulting interval, which is meant to
capture the true population parameter with a defined degree of confidence, becomes statistically
invalid. This failure can lead to unreliable estimations, incorrect interpretations, and ultimately,
flawed decision-making in research or business contexts.

This expert guide systematically details the six fundamental conditions that must be rigorously
verified before calculating any confidence interval. Adhering to these criteria ensures that the

statistical model accurately reflects the data collection methodology and the underlying properties
of the population being studied.

Requirement 1. Rigorous Random Sampling

The absolute foundation of trustworthy statistical inference is the quality of the data collection
process. The first and most critical assumption is that the data must originate from a truly random
sampling method. This principle demands that every possible unit, individual, or observation within
the defined target population has an equal and independent chance of being selected for inclusion
in the sample.

A properly executed random sampling design ensures that the collected sample is genuinely
representative of the overall population of interest. When representativeness is lacking, any
confidence interval calculated will only accurately describe the sample itself, failing to generalize
reliably to the broader population. The introduction of sampling bias, often caused by non-random
or convenience selection, constitutes a systematic error that cannot be corrected later during the
statistical analysis phase.

Researchers must meticulously document their sampling methodology. Practical methods that
satisfy this assumption include Simple Random Sampling (SRS), Stratified Sampling, or Cluster
Sampling, chosen based on the complexity and structure of the population. Confirming this
criterion is the first step toward generating a valid confidence statement.

Requirement 2: Ensuring Independence of Observations

The second key assumption mandates that each observation or data point within the collected
sample must be statistically independent of every other observation. In essence, the measured
value recorded for one unit should neither influence nor be related to the value recorded for any
other unit in the sample.

This condition is vital because the underlying statistical theory, particularly the calculation of the
standard error used in the confidence interval formulas, relies on the assumption that errors (or
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deviations from the mean) are uncorrelated. If observations exhibit dependence--such as
measuring the same individual repeatedly over a short period, or sampling units that are physically
or genetically related--the effective sample size is drastically reduced. This reduction leads to an
artificially narrow and potentially inaccurate confidence interval, overstating the precision of the
estimate.

In most scenarios where a robust random sampling method (Requirement 1) is employed, the
assumption of independence is often satisfied naturally. However, care must be taken with
specialized data types, including time-series data, clustered data (e.g., students within
classrooms), or experimental designs involving repeated measures. In these cases, standard CI
calculations are inappropriate, and more sophisticated statistical models are required to account
for the dependency structure.

Requirement 3: The Large Sample Condition and the Central Limit Theorem

The third assumption addresses the necessary sample size, dictating that the size must be large
enough to invoke the profound power of the Central Limit Theorem (CLT). The CLT is

indispensable for constructing confidence intervals for population means because it guarantees
that the distribution of sample means will tend toward a normal distribution, irrespective of the

shape of the original population distribution, provided the sample size is sufficient.

This normalization of the sampling distribution to the normal (or the related t-distribution) is what
justifies the use of standard Z-scores or T-scores to calculate the critical value and, subsequently,
the margin of error. If the sample size is too small, the sampling distribution may deviate
significantly from the normal shape, thereby invalidating the use of these standard critical values
and leading to an incorrect confidence statement.

While a commonly cited guideline suggests a sample size (n) of 30 or larger is "sufficiently large,"
the precise required threshold depends heavily on the characteristics of the population distribution:

If the underlying population distribution is already symmetric and unimodal, a smaller sample
size (sometimes as low as n=15) can be adequate for the CLT to apply effectively.

If the population distribution is moderately skewed, the standard guideline of n = 30 is generally
necessary to ensure the sampling distribution achieves approximate normality.

If the population distribution is extremely skewed or contains significant outliers, a sample size
of 40 or even higher may be required to overcome the non-normality and allow the Central Limit
Theorem to operate reliably.

It is incumbent upon the analyst to visually inspect the sample data--using tools such as
histograms or box plots--to assess the degree of skewness and verify that the sample size is truly

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://en.wikipedia.org/wiki/Central_limit_theorem
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Central_limit_theorem
https://en.wikipedia.org/wiki/Central_limit_theorem
https://statistics.arabpsychology.com/?p=9496
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

Understanding and Verifying the Assumptions for Accurate Confidence Intervals

adequate for the CLT to provide a valid approximation.

Requirement 4: Adhering to the 10% Condition

The 10% condition, often referred to as the 10% rule, serves as a crucial check to maintain the
assumption of independence (Requirement 2) when the sampling is performed without
replacement from a finite population. This condition stipulates that the sample size (n) must not
exceed 10% of the total population size (N), expressed mathematically as n < 0.10N.

When sampling without replacement, the probability of selecting subsequent items changes with
each selection. If the sample represents a large fraction of the population (e.g., 50%), this change
in probability becomes substantial, meaning the selection of the last few items is highly dependent
on which items were chosen first, thereby violating strict statistical independence.

By limiting the sample size to 10% or less of the population, we ensure that the changes in
selection probabilities are negligible. This allows statisticians to calculate the standard error as if
they were sampling with replacement, effectively justifying the omission of the complex finite
population correction factor. Failure to meet the 10% condition means the calculated standard error
will be artificially understated, resulting in a confidence interval that is too narrow and overly

optimistic regarding the true precision.

Requirement 5: The Success/Failure Condition (For Proportions)

This fifth assumption is specific to the construction of confidence intervals for population

proportions (p), which deal with binary outcomes (e.g., yes/no, success/failure). While the
underlying distribution for binary data is binomial, calculating Cls directly from this distribution is
computationally complex.

To simplify calculations, the standard method uses the normal distribution as a necessary

approximation of the binomial distribution. The Success/Failure Condition ensures that this normal
approximation is appropriate. It requires that the sample contains a sufficient number of both
expected successes and expected failures, generally set at a minimum of 10 for each category.

Mathematically, analysts must verify two conditions based on the sample size (n) and the sample
proportion ($hat{p}$):

Expected Successes: $nhat{p} ge 10$
Expected Failures: $n(1-hat{p}) ge 10$

If either of these criteria is not met, the underlying binomial distribution is too skewed to be
accurately modeled by the symmetric normal distribution. In such instances, using the standard
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Wald interval calculation will yield invalid results. Researchers should instead employ alternative,
more robust methods, such as the exact binomial calculation or the use of Wilson Score intervals.

Requirement 6: Homogeneity of Variances (For Two-Sample Intervals)

The final assumption applies exclusively when constructing confidence intervals that involve

comparing two separate population parameters, such as calculating the difference between two
population means. When opting to use a pooled standard error estimate--which combines the
variance information from both samples--it is assumed that the two populations have equal
variances. This is formally known as the assumption of Homogeneity of Variances (or

homoscedasticity).

If the population variances are significantly different (a state known as heteroscedasticity), pooling
the variance estimates is inappropriate, and the resulting confidence interval will be biased and
potentially misleading. Analysts must assess this assumption before proceeding with any pooled
two-sample t-interval calculation.

A practical and widely accepted rule of thumb for assessing Homogeneity of Variances is to

examine the ratio of the sample variances. The ratio of the larger sample variance
($s"2_{text{large}}$) to the smaller sample variance ($s"2_{text{small}}$) should typically be less
than 4.

For example, consider a scenario where Sample 1 yields a variance ($s"2_1$) of 24.5 and Sample
2 yields a variance ($s"2_2$) of 15.2. The ratio is calculated as:

Ratio =24.5/15.2=1.61

Since this ratio (1.61) is substantially less than the threshold of 4, we can reasonably assume that
the population variances are approximately equal, thus justifying the use of the pooled variance
procedure. If, however, the ratio exceeds 4, specialized non-pooled methods, such as the Welch's
t-interval, must be used to appropriately adjust for the unequal variances.

Conclusion and Summary

Ensuring that these six assumptions are meticulously checked and met is not a trivial compliance
task; it is an essential prerequisite for generating statistically valid and trustworthy results. Violating
any of these criteria--whether due to a poorly designed random sampling procedure, an insufficient

sample size to satisfy the Central Limit Theorem, or the inappropriate use of normal

approximations for proportions--undermines the entire inferential process and renders the
confidence statement meaningless.
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By systematically checking for random sampling, independence, sufficient sample size, adherence
to the 10% condition, appropriate success/failure counts (for proportions), and Homogeneity of
Variances (for two-sample comparisons), researchers guarantee that their confidence intervals
provide the accurate, reliable estimation of population parameters they are intended to deliver.

Additional Resources
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