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Introduction to Multivariate Normal Distributions and R

In the realm of statistical modeling and advanced data simulation, a core requirement often

involves generating synthetic data that precisely adheres to a multivariate normal distribution

(MVN). The MVN is not merely a statistical curiosity; it forms the foundation for numerous

sophisticated techniques spanning fields from engineering and quantitative finance to

psychometrics and econometrics. Essentially, the MVN distribution serves as a vital generalization

of the familiar univariate normal distribution, extending its applicability to systems where multiple

random variables interact and exhibit correlation.

The capacity to generate such structured synthetic data is invaluable for several practical

purposes. Researchers and practitioners rely on this capability for rigorously testing the robustness

of new algorithms, conducting power analyses before launching costly studies, or effectively

demonstrating complex statistical concepts without the inherent complexities and noise of real-

world datasets. To manage this crucial simulation task efficiently within the widely adopted R

programming environment, specialized, high-performance functions are indispensable.

The most direct and reliable approach for simulating this type of structured data involves

leveraging the powerful function, rmvnorm(). Although this function is available across several

popular R packages--most notably mvtnorm--it is also specifically implemented and optimized

within packages like fourPNO. Regardless of the specific package utilized, the function's core

design is dedicated to the precise task of generating random vectors that flawlessly adhere to a

user-defined MVN structure.

Understanding the rmvnorm() Function Syntax

The primary objective of the rmvnorm() function is to facilitate the drawing of random samples

from a multivariate space that is meticulously defined by a specific mean vector and a pre-

determined covariance structure. This functionality is absolutely vital for simulation studies

because it grants the researcher total and granular control over the statistical characteristics of the

resultant simulated data. By defining these core parameters, the user ensures that the generated

observations possess exactly the desired statistical properties required for their modeling or testing

application.

The core syntax required to invoke the rmvnorm() function is remarkably concise, yet its

requirements are highly precise. To successfully define the complete shape, center, and size of the

output distribution, the function necessitates the input of three essential arguments:

rmvnorm(n, mu, sigma)

Each of these parameters plays a decisive role in structuring the final generated dataset. They
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collectively determine both the quantity of observations generated and the fundamental underlying

statistical relationships that exist between the simulated variables.

n: This integer argument specifies the desired total number of observations, which corresponds to

the number of rows in the resulting output matrix.

mu: This must be provided as a vector that defines the expected mean, or central tendency, for

each dimension (i.e., each random variable) within the distribution.

sigma: This is arguably the most critical input, as it defines the internal structure and relationships

within the data: the covariance matrix.

Parameter Deep Dive: Defining Mu and Sigma

The precise specification of the mu vector is what dictates the exact location of the center of the

multivariate distribution within the multidimensional space. For instance, if a researcher is

simulating a two-dimensional system--commonly known as a bivariate normal distribution--the mu

vector must be of length two, formatted typically as c(mu1, mu2). In this context, mu1 represents

the expected mean of the first random variable (conventionally plotted on the x-axis), and mu2

represents the expected mean of the second variable (on the y-axis). When mu is set simply to

c(0, 0), as is standard practice in many theoretical examples, the resulting distribution is

centered precisely at the origin of the coordinate system.

The sigma parameter, the specified covariance matrix, holds the most influence over the

distribution's shape and internal structure. This matrix must adhere to two strict mathematical

criteria: it must be symmetric, and it must be positive semi-definite. The elements along the main

diagonal of this matrix explicitly define the variance of each individual random variable. Conversely,

the off-diagonal elements quantify the covariance, which represents the degree of linear

association, between every possible pair of variables.

A particularly important case arises when the input for sigma is provided as an identity matrix,

achieved in R using the diag(k) argument where k is the dimensionality. This input establishes

two critical statistical conditions simultaneously: first, because the diagonal elements are 1s, the

variance of every variable is set to unit variance; and second, since all off-diagonal elements are

0s, the covariance between the variables is set to zero. This configuration results in variables that

are statistically independent and uncorrelated, producing a perfectly circular distribution when

plotted. By systematically adjusting the off-diagonal terms away from zero, the researcher can

introduce correlation, which will visually cause the resulting distribution to stretch into a

characteristic elliptical shape.

Practical Example 1: Generating a Small Sample Distribution

To effectively illustrate the foundational mechanics of the rmvnorm() function, we will first generate
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a small, highly manageable dataset. Our specific simulation objective is to create exactly 20

observations derived from a bivariate normal distribution. We will define the parameters such that

both variables have a mean of 0, possess unit variance, and, crucially, are uncorrelated. This

deliberately small sample size is chosen so that we can directly inspect the raw matrix output and

confirm that the function is correctly generating data according to the precise parameters we have

specified.

Before executing the data generation function, it is considered best practice in computational

statistics to load the necessary library and explicitly set a random seed. The command

set.seed(1) is essential because it guarantees that the exact sequence of pseudo-random

numbers generated is completely reproducible, a requirement critical for sharing and verifying

research outcomes. We then feed our required parameters into the function: 20 for the number of

observations, a mean vector of c(0, 0), and an identity covariance matrix specified by diag(2).

The following R code snippet carries out this simulation and displays the resulting matrix, which

contains the 20 generated observations that follow the MVN structure:

library(fourPNO)

#make this example reproducible

set.seed(1)

#generate random multivariate normal distribution with 20 observations

rmvnorm(20, c(0,0), diag(2))

-0.62645381 0.91897737

0.18364332 0.78213630

-0.83562861 0.07456498

1.59528080 -1.98935170

0.32950777 0.61982575

-0.82046838 -0.05612874

0.48742905 -0.15579551

0.73832471 -1.47075238

0.57578135 -0.47815006

-0.30538839 0.41794156

1.51178117 1.35867955

0.38984324 -0.10278773

-0.62124058 0.38767161

-2.21469989 -0.05380504

1.12493092 -1.37705956

-0.04493361 -0.41499456
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-0.01619026 -0.39428995

0.94383621 -0.05931340

0.82122120 1.10002537

0.59390132 0.76317575

As clearly demonstrated by the resulting matrix output, exactly 20 distinct observations have been

successfully generated. By inputting c(0, 0) for the mu argument, we established the expectation

that both random variables--represented by columns 1 and 2--should follow a normal distribution

fundamentally centered around a mean value of zero. Although the specific individual values are

subject to inherent sampling randomness, the theoretical long-run average of these observations

will reliably approximate the mean vector specified.

Visualizing the Initial 2D Distribution

While the inspection of the raw data matrix confirms the sheer quantity of generated observations,

the true structural characteristics of the multivariate normal distribution are best comprehended

through visualization. To accurately plot these generated points on a two-dimensional scatterplot,

the matrix output produced by rmvnorm() must first be converted into an R data frame. This

conversion is necessary as it allows the individual variables to be easily and reliably addressed by

standard plotting functions within the R environment.

We utilize the highly versatile plot() function available in base R, which is perfectly suited for

visualizing the relationship between the two generated variables. For enhanced clarity in the

subsequent plotting and analysis stages, it is highly beneficial to rename the columns of the data

frame to more intuitive labels, such as 'x' and 'y'. The following syntax encapsulates the entire

process: executing the simulation, structuring the resulting data appropriately, and preparing it for

immediate visualization:

library(fourPNO)

#make this example reproducible

set.seed(1)

#generate random multivariate normal distribution with 20 observations

data <- as.data.frame(rmvnorm(20, c(0,0), diag(2)))

#rename columns of data frame

names(data) <- c('x', 'y')

#plot distribution on scatterplot

plot(data$x, data$y)
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Executing this code successfully generates the necessary dataset and yields the following

scatterplot. In this visualization, the x-axis represents the values sampled from the first random

normal distribution, while the y-axis displays the corresponding values from the second.

Given that the data was specified to follow an uncorrelated multivariate normal distribution perfectly

centered at the origin, we anticipate that the points will be scattered randomly yet relatively

symmetrically around the coordinates (0, 0). This initial plot visually confirms that the points are

indeed distributed about the center as explicitly directed by the mu argument. However, due to the

inherent limitation of the small sample size (N=20), the complete, characteristically circular shape

expected of a zero-correlation distribution is not yet perfectly defined, highlighting the influence of

sampling variability.

Scaling Up: Generating a Large Sample for Enhanced Visualization

While working with a small sample size proves beneficial for initial code testing and parameter

verification, a significantly larger sample is often required to achieve a clear and faithful visual

representation of the underlying theoretical distribution. To fully reveal the true density structure

and characteristic shape of the multivariate normal distribution, we must dramatically increase the
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number of observations generated.

For this improved visualization, we will now specify 200 for the number of observations to be

generated, maintaining the mean vector and the identity covariance matrix exactly as before. This

substantial increase in sample size is critical because it effectively minimizes the distorting effects

of sampling variability and provides a much closer, smoother approximation of the true theoretical

density function.

Furthermore, to enhance the aesthetic quality and visual impact of the plot when dealing with a

denser cluster of points, we introduce the argument pch=16 within the plot() function. This specific

argument instructs R to display the points in the scatterplot as solid, filled circles, thereby

significantly improving the visual perception of density and concentration in the resulting graph.

library(fourPNO)

#make this example reproducible

set.seed(1)

#generate random multivariate normal distribution with 200 observations

data <- as.data.frame(rmvnorm(200, c(0,0), diag(2)))

#rename columns of data frame

names(data) <- c('x', 'y')

#plot distribution on scatterplot

plot(data$x, data$y, pch=16)

The execution of this code generates the significantly larger dataset and produces the following

refined plot:
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The resulting visualization vividly demonstrates the expected density function. The points are

randomly scattered across the plane but exhibit a heavy, concentrated clustering around the

coordinates (0, 0), definitively confirming that the generated distribution accurately reflects the

parameters specified for the mean vector. Crucially, the visibly circular shape of the cluster

confirms the enforced lack of correlation, which was imposed by the identity covariance matrix

diag(2). If a researcher had the need to shift the entire cluster of data points, they would only be

required to adjust the values within the mu argument of the rmvnorm() function to precisely center

the distribution around any desired coordinates. This inherent flexibility makes the function an

indispensable tool for tailored statistical simulation.

https://en.wikipedia.org/wiki/Covariance_matrix
https://statistics.arabpsychology.com/?p=23957
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

