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What is a Beta Level in Statistics? (Definition & Example)

Grasping the concept of the Beta Level is essential for anyone engaged in statistical hypothesis

testing. This rigorous analytical framework forms the bedrock of empirical research, used to
evaluate whether observed data provides sufficient evidence to reject a default assumption about a
population parameter. A clear understanding of the possible errors inherent in this process is

crucial for drawing valid conclusions.

In every formal statistical evaluation, researchers must define two competing statements, known as
hypotheses, which guide the subsequent data analysis and decision-making process. The first is
the status quo, and the second posits a change or effect:

Null hypothesis (HO): This hypothesis represents the statement of no effect, no difference, or no
relationship. It suggests that any observed variation in the sample data is due merely to random
chance and is entirely consistent with the existing belief or established status quo regarding the
population parameter.

Alternative hypothesis (HA): Conversely, this hypothesis proposes that the assumption made in
the null hypothesis is incorrect. It suggests that a real, non-random cause or true effect is
influencing the underlying data distribution, implying that the sample results are statistically
significant.

When executing a hypothesis test, the decision we make based on sample data may or may not

align with the true, unknown state of nature in the population. This misalignment leads to four
potential outcomes, two of which represent errors:

Reject Hy Fail to reject H,
Hy is true Type l error (a) |Correction Decision
H, is false | Correct Decision Type Il error (B)

These four outcomes define the two primary risks that researchers must manage in any statistical
procedure:

Type | Error (Alpha): This costly error occurs when the researcher mistakenly rejects the null
hypothesis when it is, in fact, true. The maximum acceptable probability of making this error is
called the significance level, formally denoted as a (alpha).

Type Il Error (Beta): This error occurs when the researcher fails to reject the null hypothesis, even
though the alternative hypothesis is truly correct. The probability of committing this failure to detect
a real effect is the focus of this entire discussion, denoted as 3 (beta).
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The Tradeoff Between Alpha (a) and Beta (3)

In rigorous experimental design, statisticians are tasked with designing a test that minimizes both
Type | Error (o) and Type Il Error (B). Successfully achieving low values for both probabilities
ensures high reliability and confidence in the test results, regardless of whether the null hypothesis
is ultimately rejected or retained.

However, a crucial and fundamental tradeoff exists between these two types of error probabilities.
In a fixed sample size scenario, altering the critical region of the statistical test--the boundary
defining the rejection point--inevitably affects both risks simultaneously. They are inversely related:
decreasing one tends to increase the other.

For instance, if a researcher decides to significantly decrease the alpha level (e.g., tightening the
standard from 0.05 to 0.01) to reduce the risk of falsely claiming a discovery (falsely rejecting HO),
this action shifts the acceptance boundary further away from the null mean. Consequently, the
likelihood of failing to detect a true effect--the beta level--will increase, assuming all other factors
like sample size and effect size remain constant. This inherent inverse relationship necessitates
careful consideration and balancing when establishing the significance level for any study.

Statistical Power and Its Connection to Beta

The inverse relationship between Type Il Error and the success of a test is formalized through the
concept of Statistical Power. Power is not an error rate but a metric defining the probability that a

statistical test will correctly detect a true effect or difference when that effect truly exists in the
population. Essentially, power measures the sensitivity of the test--the ability to correctly reject a
false null hypothesis.

The relationship between power and the beta level is mathematically direct and straightforward:
Power=1-3

Researchers typically strive for high power (commonly set at 0.80 or 80%) to ensure that their
study design possesses adequate sensitivity for identifying meaningful results. A higher power
directly corresponds to a lower risk of committing a Type Il Error. Therefore, maximizing power is
synonymous with effectively minimizing the beta level.

The most common and effective technique for reducing the beta level is by increasing the sample
size (n) of the study. A larger sample size improves the precision of the sample mean estimate and
reduces the standard error, thereby tightening the distribution and increasing the separation
between the null and alternative hypotheses distributions, leading to higher power.
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Example 1. Calculating the Beta Level (Small Sample Size)

To fully illustrate the calculation of the beta level, let us consider a practical quality control
scenario. A researcher is investigating whether the true mean weight (y) of factory-produced
widgets is significantly less than the target weight of 500 ounces. We assume a known population
standard deviation (o) of 24 ounces, and the initial study utilizes a random sample size (n) of 40

widgets.

The established hypothesis test is performed using a traditional significance level (a) of 0.05:

HO (Null Hypothesis): p =500 (The mean weight is 500 ounces--no difference from target.)
HA (Alternative Hypothesis): p < 500 (The mean weight is less than 500 ounces--a true
difference exists.)

To calculate the beta level, we must first posit a true population mean (LA) under the alternative
hypothesis. For this example, let's assume that the true mean weight is actually 490 ounces. Since
490 < 500, the null hypothesis (HO) is factually false and should ideally be rejected by the test. The
beta level (B) is the resulting probability of the test failing to reject HO when the population mean is
genuinely 490.

We proceed through three mandatory steps to determine this probability:
Step 1: Determine the Non-Rejection Region Boundary.

Since this is a one-tailed (left-tailed) test with a = 0.05, we consult the Z-score table. The critical
value that separates the 5% rejection tail from the 95% non-rejection region is found to be -1.645.

Step 2: Calculate the Minimum Sample Mean (Critical Sample Mean).

Using the Z test statistic formula, we solve for the critical sample mean (x), substituting the null
hypothesis mean (u=500) and the critical Z-score (z=-1.645):

X = W - z*(s/Vn)

X =500 - 1.645*(24/V40)

x = 493.758 (This critical value establishes the boundary: if the observed sample mean is greater
than this value, we fail to reject HO.)

Step 3: Calculate Beta (Probability of Type Il Error).

Finally, we determine the probability that a sample mean drawn from the true distribution (centered
at uA = 490) falls into the non-rejection region (i.e., X = 493.758). We convert this critical value
back into a Z-score, this time using the true mean (PA = 490):

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://en.wikipedia.org/wiki/Standard_deviation
https://en.wikipedia.org/wiki/Sample_size_determination
https://en.wikipedia.org/wiki/Statistical_hypothesis_testing
https://en.wikipedia.org/wiki/Standard_score
https://statistics.arabpsychology.com/?p=10543
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

What is a Beta Level in Statistics? (Definition & Example)

Z = (493.758 - 490) / (24/V40)
Z=0.99

Consulting the Z-score table for the probability that Z > 0.99 yields a probability of 0.1611. This
area represents the beta level:

p (population mean)

o)

¢ (population standard deviation)

1

lower bound

99

upper bound

1000000

[ CALCULATE j

Area (probability) = 0.1611

Therefore, the beta level for this initial test configuration (n=40) is calculated as = 0.1611. This
result quantifies a 16.11% chance of committing a Type Il Error--failing to detect the true
difference, even though the widgets' mean weight is genuinely 490 ounces, 10 ounces below the
specified target.

Example 2: Impact of Increased Sample Size on Beta (n=100)

This second example demonstrates the pivotal role of sample size in controlling the risk of Type I
Error. Suppose the researcher conducts the exact same hypothesis test (HO: p =500, 0 = 24, a =
0.05, true mean pA = 490), but this time utilizes a substantially larger sample size of n = 100
widgets. The increased precision afforded by a larger sample is expected to dramatically reduce

the beta level.

We repeat the three calculation steps, substituting the new sample size, to quantify the direct
consequence of this design improvement:
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Step 1: Determine the Non-Rejection Region Boundary.

Since the alpha level (o = 0.05) and the test type (left-tailed) are held constant, the critical value
derived from the Z-score table remains -1.645.

Step 2: Calculate the Minimum Sample Mean (Critical Sample Mean).

We recalculate the critical sample mean (x), incorporating the larger sample size (n=100). Note
how the reduced standard error affects the boundary:

X =W - z*(s/Vn)

x =500 - 1.645*(24/V100)

X = 496.05 (This new critical value is much closer to the null hypothesis mean of 500, reflecting the
increased precision.)

Step 3: Calculate Beta (Probability of Type Il Error).

We now find the probability that a sample mean from the true distribution (LA = 490) falls into the
new, tighter non-rejection region (i.e., x = 496.05). We standardize this critical value using the true
mean:

Z = (496.05 - 490) / (24/V100)
Z=252

Referring to the Z-score table, the probability that Z = 2.52 is calculated as 0.0059.

By increasing the sample size from n=40 to n=100, the beta level dramatically dropped from
0.1611 to B = 0.0059. This immense reduction translates to only a 0.59% chance of failing to detect
the true difference of 10 ounces. This comparison unequivocally demonstrates the necessity of
adequate sample size planning for achieving high statistical power and ensuring robust test results.

Bonus: Use this online calculator to automatically determine the beta level of a test.

Summary and Further Reading

The beta level (B) is an indispensable component of statistical design, as it directly quantifies the
risk of overlooking or missing a genuine effect when one truly exists in the population. Effective
management of this risk is paramount for producing reliable and trustworthy research outcomes.

Controlling the beta level involves two main strategic approaches: carefully selecting the
significance level (a) while acknowledging the inverse tradeoff, and crucially, ensuring an adequate
sample size during the planning phase of the study.
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By effectively minimizing the probability of a Type Il Error, researchers simultaneously maximize
the test's sensitivity, known as statistical power. This maximization ensures that the hypothesis test
is rigorous and capable of detecting meaningful differences that truly exist in the underlying

phenomenon being studied.
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