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What is Pillai’'s Trace? (Definition & Example)

The univariate Analysis of Variance (ANOVA) serves as the fundamental tool in statistics for
assessing whether different levels of a categorical independent variable lead to statistically
significant differences in a single, measured response variable. This technique is limited, however,

to scenarios involving only one outcome measure.

Consider, for instance, a study designed to evaluate if three distinct levels of education--
Associate's degree, Bachelor's degree, and Master's degree--result in statistically different average
annual incomes. In this classic univariate model, we isolate the effect of one explanatory variable
(education level) on one specific outcome (annual income).

When researchers are faced with multiple correlated outcomes, the appropriate statistical
framework shifts to the Multivariate Analysis of Variance (MANOVA). MANOVA extends the
capabilities of ANOVA by allowing the simultaneous analysis of the influence of one or more

explanatory variables on two or more response variables. For example, a researcher might
investigate whether education level influences both annual income and the total amount of student
loan debt. In this scenario, we analyze a single explanatory variable's influence on a vector of
outcomes.

The execution of a MANOVA yields several complex test statistics that are crucial for drawing

inferences regarding the group differences. Among these criteria--which include Wilks' Lambda,
Lawley-Hotelling Trace, and Roy's Largest Root--one of the most important and frequently
recommended is Pillai's trace.

The Necessity of MANOVA: Controlling Experimental Error

To fully grasp the significance of Pillai's trace, it is essential to understand the underlying
statistical problem that multivariate tests solve. When a study involves multiple response variables
that are correlated with one another, conducting a series of independent univariate ANOVA tests
(one for each response variable) dramatically increases the overall risk of committing a Type |
error, also known as a false positive. This inflation of the experiment-wise error rate undermines
the reliability of the findings.

MANOVA addresses this problem directly by controlling the overall error rate and testing the group
differences simultaneously across the entire set of dependent variables. Instead of comparing
individual means, MANOVA compares the multivariate group means, or centroids--the vector of
means for all response variables combined. The central function of the statistics produced by
MANOVA is to determine if these group centroids are statistically distinct.

If the explanatory variable significantly affects the combined vector of response variables, the null
hypothesis is rejected. In practical terms, when we investigate whether education influences both
income and debt, MANOVA provides a single, unified test for the combined effect. Pillai's trace
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serves as the primary metric that quantifies the magnitude and significance of this collective effect
size.

Defining Pillai's Trace (V): Measurement and Interpretation

Pillai's trace, denoted by the variable V, is a fundamental test statistic derived from the
MANOVA procedure. This statistic was developed by the statistician K.C. Sreedharan Pillai and is
designed to measure the proportion of the total variability within the response variables that can be
attributed to the effect of the explanatory variable (the hypothesis).

The value of Pillai's trace is constrained to fall within a range from 0 to 1. This range allows for a
highly intuitive interpretation of the results: the closer the calculated value of V is to 1, the stronger
the evidence that the explanatory variable has a statistically significant and substantial effect on
the combined set of response variables. Conversely, a value approaching 0 indicates that the
explanatory variable accounts for little or no difference between the group mean vectors.

Among the primary multivariate criteria available in MANOVA, Pillai's trace is frequently the test
statistic recommended by statisticians. Its popularity stems from its desirable statistical properties,
particularly its resilience and reliability when the strict assumptions required for a multivariate
model are not perfectly satisfied by the collected data.

The Mathematical Basis of Pillai's Trace

While modern statistical software handles the intricate calculations automatically, understanding
the mathematical structure of Pillai's trace is key to appreciating its function. The statistic is built
upon the fundamental principle of partitioning the total observed variance into two essential
components: the variance explained by the factor effect (the hypothesis) and the unexplained
variance (the error).

Pillai's trace (V) is calculated using the following matrix formula, which involves the trace of a
specific matrix product derived from the data:

V = trace(H(H+E)-1)

The components of this formula are defined by two critical matrices extracted from the data
analysis:

H: The Hypothesis Sum of Squares and Cross Products (SSCP) matrix. This matrix captures
all the variation observed in the response variables that can be directly attributed to the effect of
the explanatory variable (i.e., the differences between the group means).

E: The Error Sum of Squares and Cross Products (SSCP) matrix. This matrix captures the
residual variation, or error variance, that remains unexplained after accounting for the group effect.

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://en.wikipedia.org/wiki/Test_statistic
https://statistics.arabpsychology.com/?p=11340
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

What is Pillai’'s Trace? (Definition & Example)

This variation represents the differences observed among subjects within the same group.

Essentially, the calculation involves summing the eigenvalues derived from the ratio of the
hypothesis matrix (H) to the total variation matrix (H+E). By focusing on the variance explained
relative to the total variance, this process is mathematically structured to maximize the statistical
discrimination between the groups based on the combined set of response variables.

Significance Testing and Hypothesis Evaluation

In the context of MANOVA, statistical software uses the calculated value of Pillai's trace (V) to
derive a standardized value that is then converted into an approximate E-statistic. This F-statistic
allows for the determination of a corresponding p-value, which is the cornerstone of classical
hypothesis testing used to make inferential conclusions.

The fundamental purpose of the MANOVA is to test the null hypothesis, which posits that there

are no statistically significant differences between the group mean vectors across the response
variables. The alternative hypothesis, conversely, asserts that at least one group mean vector is
significantly different from the others.

A decision rule is applied based on the p-value: If the p-value associated with Pillai's trace is less
than the predetermined significance level (typically set at $alpha = .05%), then we reject the null
hypothesis. Rejecting the null leads to the robust conclusion that the explanatory variable exerts a
statistically significant overall effect on the combined outcome measures. Moreover, the magnitude
of the Pillai's trace value itself provides an estimate of the strength, or effect size, of this
relationship.

Robustness: Why Pillai's Trace is Often Preferred

When running a MANOVA, standard statistical packages typically report four common multivariate
test statistics simultaneously. Although all four test the same core hypothesis, they utilize slightly
different mathematical approaches to quantify the relationship between the hypothesis matrix (H)
and the error matrix (E):

Pillai's Trace (V)

Wilks' Lambda ($Lambda$)
Lawley-Hotelling Trace (U)
Roy's Largest Root ($theta$)

These statistics are not equally sensitive to violations of the strict assumptions underlying the
MANOVA model. MANOVA relies on three critical parametric assumptions concerning the data
structure:
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Multivariate Normality: The residuals follow a multivariate normal probability distribution.

Homogeneity of Variance-Covariance Matrices: The variance-covariance matrices of the
residuals must be equal across all groups (tested via Box's M test).

Independence of Observations: All observations (residuals) must be statistically independent of
one another.

When these assumptions are violated--especially the assumption of equal covariance matrices
(homogeneity), which is often violated in real-world data--Pillai's trace proves to be the most
robust and reliable test statistic. It is known to be less prone to inflation or distortion caused by
issues such as unequal sample sizes or moderate non-normal distribution, particularly when
compared to highly sensitive metrics like Roy's Largest Root. Consequently, if researchers have
concerns about meeting the strict parametric requirements of MANOVA, Pillai's trace is the
advised default choice for establishing the significance of the multivariate effect.

Practical Example: Interpreting Software Output (Stata)

To demonstrate how Pillai's trace is presented and interpreted in a real analysis, consider a
conceptual study analyzing the effect of educational attainment on financial outcomes using
statistical software like Stata. The model includes:

Explanatory variable: Education level (Categorical, with three groups: Associate, Bachelor, and
Master)
Response variables: Annual income and total student loan debt (Continuous)

The following image provides a typical output generated by the statistical software, showing the
results for all four primary multivariate criteria for the effect of education:
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. manova income debt = educ

Number of obs = 24
W = Wilks' lambda L = Lawley-Hotelling trace
P = Pillai's trace R = Roy's largest root
Source | Statistic df F(df1, df2) = F  Prob>F

educ |W 0.4433 2 4.0 40.0 5.02 0.0023 e

P 0.5588 4.0 42.0 4.97 0.0071 a

L 1.2510 4.0 38.0 5.94 0.0008 a

R 1.2472 2.0 21.0 13.10 ©.002 u
Residual 21
Total 23

e = exact, a = approximate, u = upper bound on F

Reviewing the output, the results for the four test statistics are clearly displayed:

Wilks' lambda: F-Statistic = 5.02, P-value = 0.0023.

Pillai's trace: F-Statistic = 4.07, P-value = 0.0071.
Lawley-Hotelling trace: F-Statistic = 5.94, P-value = 0.0008.
Roy's largest root: F-Statistic = 13.10, P-value = 0.0002.

Although the F-values and corresponding p-values vary slightly across the four statistics, the
crucial finding here is the consistent conclusion across all methods. Since every reported p-value is
substantially less than the standard $alpha = .05$ significance level, we would confidently reject
the null hypothesis of the MANOVA. The conclusion is that the level of education has a significant

combined effect on annual income and total student loan debt. In situations where the p-values
from the four tests might diverge (often due to assumption violations), the p-value associated with
Pillai's trace remains the most reliable indicator of the overall multivariate effect.

Additional Resources for Multivariate Analysis

For researchers and students seeking a deeper understanding of multivariate statistical methods,
especially the theoretical derivation and comparative performance of Pillai's trace, it is highly
recommended to consult advanced textbooks dedicated to multivariate data analysis and
experimental design.
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