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In the expansive domain of machine learning and statistical modeling, a fundamental objective is to

construct a model that optimally utilizes a collection of predictor variables to accurately forecast the

outcome of a response variable. The challenge arises when dealing with datasets that contain a

large number of potential features. Given a set of p total predictors, the number of possible models

we could formulate is immense, forcing statisticians and data scientists to employ rigorous

techniques for feature selection.

Choosing the correct subset of predictors is vital for creating a model that is both highly accurate

and easily interpretable. A model with too many unnecessary variables introduces complexity and

noise, while a model with too few variables might fail to capture the underlying true relationship

within the data. Therefore, efficient methods are required to navigate the vast model space and

isolate the most relevant predictors.

The Computational Burden of Best Subset Selection

One direct approach to finding the optimal model is known as best subset selection. This method

attempts to identify the absolute "best" model by exhaustively fitting and evaluating every possible

combination of predictor variables. While theoretically sound, this technique suffers from significant

practical drawbacks that render it infeasible for most real-world applications.

The primary hurdle is the sheer computational intensity. For a dataset containing p predictor

variables, there are 2p possible models to evaluate. For instance, if a researcher has only 10

potential predictors, the number of models to consider is 210, which equals 1,024 models. While

manageable, this number rapidly escalates: 20 predictors result in over one million models, and 40

predictors result in over one trillion. This exponential growth makes best subset selection

computationally prohibitive, even with modern computing power, when the number of features is

large.

Furthermore, evaluating such a massive number of models significantly increases the risk of

overfitting. By searching through all possible combinations, we are highly likely to stumble upon a

model that performs exceptionally well on the training data purely by chance, capturing noise

instead of the true signal. Such a model will inevitably perform poorly when exposed to new,

unseen data, undermining the predictive power and generalizability of the statistical effort.

Introducing Stepwise Selection: A Compromise Approach

To overcome the limitations of best subset selection, statisticians often turn to heuristic methods

that explore a much more restricted and manageable subset of the entire model space. This

alternative is collectively known as stepwise selection. Stepwise procedures do not guarantee

finding the globally optimal model among all 2p possibilities, but they are dramatically more

efficient and often yield models that are nearly as good as the true best subset model.
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Stepwise selection operates by iteratively adding or removing predictor variables based on a

predetermined statistical criterion, such as minimizing the residual sum of squares (RSS) or

maximizing the R-squared value at each stage. This iterative process drastically reduces the

number of models that need to be fitted and compared. For a set of p predictors, stepwise

selection typically fits only $1 + p(p+1)/2$ models, offering immense computational savings

compared to the 2p models required by the exhaustive approach.

There are two primary variants of the stepwise selection methodology, distinguished by their

starting point and direction of movement through the model space: forward stepwise selection and

backward stepwise selection.

Forward Stepwise Selection: Building Models Incrementally

Forward stepwise selection begins with the simplest possible model and gradually incorporates

variables one at a time. This method is particularly useful when the number of predictors p is large,

as it avoids dealing with the full, complex model initially. The procedure is sequential and works as

follows:

Initialization (M0): The process starts with the null model (M0), which contains no predictor

variables--only the intercept.

Iterative Model Augmentation: For $k = 0, 1, dots, p-1$ (where $k$ is the current number of

predictors), the method considers adding one predictor variable to the current best model, $M_k$.

Fit all $p-k$ models that augment the predictors already present in $M_k$ with one additional

predictor variable.

Select the best model among these $p-k$ candidates and designate it as $M_{k+1}$. The

determination of "best" is typically based on maximizing the R-squared value or, equivalently,

minimizing the Residual Sum of Squares (RSS).

Final Selection: After iterating through all $p$ steps, resulting in models $M_0$ through $M_p$, a

single final best model is chosen from this sequence. This final choice relies on advanced model

selection metrics such as cross-validation prediction error, Mallows' $C_p$, the Bayesian

Information Criterion (BIC), the Akaike Information Criterion (AIC), or adjusted R-squared.

The critical characteristic of the forward approach is its greedy nature: once a variable is included

in the model, it remains included in all subsequent iterations. This means that if a variable is not

deemed significant enough to be added early on, even if it might be crucial in combination with

variables added later, it will be permanently excluded.
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Backward Stepwise Selection: Pruning the Full Model

Backward stepwise selection, conversely, starts with the most complex model and gradually

removes the least significant variables. This approach is usually preferred when the number of

predictor variables p is relatively small compared to the number of observations n, ensuring the full

model can be successfully fitted initially. The process unfolds as follows:

Initialization (Mp): The procedure begins with the full model (Mp), which includes all p predictor

variables.

Iterative Model Reduction: For $k = p, p-1, dots, 1$ (where $k$ is the current number of

predictors), the method considers removing one predictor variable from the current best model,

$M_k$.

Fit all $k$ models that contain all but one of the predictors in $M_k$, resulting in models with $k-1$

predictor variables.

Select the best model among these $k$ candidates and designate it as $M_{k-1}$. As with forward

selection, "best" is determined by achieving the highest R-squared or the lowest RSS.

Final Selection: Once models $M_p$ down to $M_1$ are generated, the final optimal model is

selected using the same rigorous criteria (Cp, AIC, BIC, adjusted R-squared) applied in the forward

selection method.

The backward approach ensures that the model always starts with all potential information.

However, similar to the forward method, it is also greedy: once a variable is removed, it cannot be

re-added, potentially leading to the exclusion of important features whose relevance only becomes

apparent later in combination with others.

Key Criteria for Model Evaluation

The final and most crucial stage of both forward and backward stepwise selection is selecting a

single optimal model from the sequence of models generated ($M_0$ to $M_p$). This selection

requires metrics that balance model fit (low RSS) with model complexity (number of predictors,

$d$). Models that perfectly fit the training data often contain excessive predictors, leading to poor

generalization. Therefore, these metrics penalize complexity.

The goal is typically to choose the model that minimizes the prediction error, which is estimated

using one of the following criteria:

Mallows' $C_p$ Statistic: Used to assess the trade-off between bias and variance in a model.

We seek to minimize $C_p$.
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AIC (Akaike Information Criterion): A measure of the relative quality of statistical models for a

given set of data. It estimates the information loss of a model and should be minimized.

BIC (Bayesian Information Criterion): Similar to AIC, but imposes a stronger penalty on models

with more parameters. It is also minimized for the best model.

Adjusted R-squared ($R^2_{adj}$): Measures the proportion of variance explained by the model,

adjusted for the number of predictors. Unlike the other metrics, the goal is to maximize the

adjusted R-squared.

Here are the common formulas used to calculate these metrics:

Cp: (RSS + 2dσ?2) / n

AIC: (RSS + 2dσ?2) / (nσ?2)

BIC: (RSS + log(n)dσ?2) / n

Adjusted R2: 1 - ( (RSS/(n-d-1)) / (TSS / (n-1)) )

where:

d: The number of predictors currently included in the model.

n: The total number of observations in the dataset.

σ?2: Estimate of the variance of the error associated with each response measurement in a

regression model (often estimated using the full model's MSE).

RSS: Residual Sum of Squares of the regression model.

TSS: Total Sum of Squares of the regression model.

Trade-offs and Limitations of Stepwise Methods

Stepwise selection provides a powerful intermediate solution between the impracticality of best

subset selection and arbitrary manual feature selection. Its most significant advantage lies in its

superior computational efficiency. As noted earlier, for $p = 10$ predictor variables, best subset

selection must fit 1,024 models, while stepwise selection (forward or backward) only needs to fit $1

+ 10(11)/2 = 56$ models. This computational thrift makes it highly scalable for datasets with

dozens or even hundreds of features.

However, the efficiency of stepwise selection comes at a potential cost regarding optimality. The

procedure is inherently greedy and short-sighted. Because it makes local decisions at each step

(either adding the best available variable or removing the worst available variable), it is not

guaranteed to find the true best possible model out of all 2p potential models.
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Consider a simple example where we have three predictors ($x_1, x_2, x_3$). Suppose the best

one-predictor model is ${x_1}$, but the best two-predictor model is ${x_2, x_3}$. If we use forward

selection, because $M_1$ must contain $x_1$, the path taken by the algorithm means $M_2$

must also contain $x_1$ alongside some other variable (e.g., ${x_1, x_2}$ or ${x_1, x_3}$). The

algorithm will miss the truly optimal two-predictor model ${x_2, x_3}$ simply because it was not

reachable through the optimal one-predictor path. This limitation means that while stepwise

selection is fast, the resulting model may be locally, but not globally, optimal.
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