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What is the Erlang Distribution?

The Erlang distribution is a fundamental continuous probability distribution that originated in the

field of stochastic processes. It was originally developed by the Danish mathematician Agner
Krarup Erlang in the early 20th century to solve crucial problems related to congestion in telephone
systems.

This distribution is often described as the probability distribution of the sum of k independent and
identically distributed exponential distributions. Its primary utility lies in modeling waiting times and

inter-arrival times where events occur at a constant average rate, such as in queueing systems,

reliability engineering, and specialized mathematical biology applications.

While its historical roots are in telecommunications, the Erlang distribution remains an

indispensable tool for analysts and engineers seeking to optimize resource allocation, manage
inventory, and predict service demands across various modern industries.

Historical Context and Foundational Principles

Agner Krarup Erlang (1878-1929) faced the practical challenge of optimizing the number of
telephone lines and operators required to handle fluctuating call volumes efficiently. His
groundbreaking work in telephone traffic engineering laid the foundation for modern queueing
theory. He needed a mathematical model that could accurately predict the probability of a call
being blocked or delayed, thereby establishing the concept of "Erlang” as a unit of traffic intensity.

The distribution he developed models the time until the k-th event occurs in a Poisson process.
The underlying assumption is that the time between consecutive events follows an exponential
distribution. By summing k such times, the Erlang distribution provides a powerful mechanism for
analyzing processes that involve multiple sequential steps or phases.

This historical context highlights the distribution's practical nature. It wasn't merely a theoretical
construct; it was a necessary solution for industrial optimization, demonstrating the profound link
between applied mathematics and infrastructure reliability.

Defining the Erlang Distribution Mathematically

The Erlang distribution is fully defined by two parameters: the shape parameter (k) and the scale

parameter (p). Its behavior is described by its probability density function (PDF), which dictates the

relative likelihood of the random variable taking on a specific value.
The probability density function is given by the formula:
f(x; k, n) = xk-le-x/u / pk(k-1)!

Where the parameters are strictly defined:
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k: The shape parameter. This represents the number of stages or events being summed.
Critically, this parameter must be a positive integer (k > 0).

l: The scale parameter. This defines the rate at which the process unfolds. This must be a
positive real number (u > 0).

It is important to note the relationship between the scale parameter (1) and the rate parameter (A).
In many statistical contexts, the rate parameter, A, is used, which represents the average number
of events per unit of time (the intensity of the Poisson process). These two parameters are
reciprocals of one another: p = 1/A. If A is used, the PDF is alternatively written using A in place of
1/u.

Key Statistical Properties and Moments

Understanding the properties, or "moments," of the Erlang distribution is essential for its
application, as these values provide insights into the central tendency, spread, and shape of the
data being modeled. Since the distribution is defined by k and A (or W), these moments are
calculated directly using these parameters.

The fundamental statistical properties of the Erlang distribution when parameterized by k (shape)
and A (rate) are as follows:

Mean (Expected Value): The average time until the k-th event occurs is k/A. As the number of
stages (k) increases, the mean waiting time increases linearly.

Mode: The peak of the distribution is located at (k-1)/A. Note that for k=1 (the exponential case),
the mode is zero.

Variance: The measure of dispersion or spread is given by k/A2. As k increases, the relative
spread decreases, meaning the distribution becomes more symmetrical and bell-shaped.
Skewness: This measures the asymmetry of the distribution, calculated as 2/vk. Because
skewness is always positive, the Erlang distribution is positively skewed (has a long right tail), but
the skewness approaches zero as k increases.

Kurtosis: This measures the "tailedness" of the distribution, given by 6/k. Higher values of k lead
to lower kurtosis, indicating a less peaked distribution with lighter tails.

These moments confirm that the Erlang distribution is highly adaptable. By adjusting the integer
shape parameter k, the distribution can transform from a highly skewed exponential curve (k=1)
into a shape closely resembling the normal distribution as k grows large, demonstrating its
versatility in modeling sequential processes.

Relationship to Other Probability Distributions

The Erlang distribution holds a special place in the family of continuous distributions, particularly
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because of its direct and foundational relationship with the Gamma distribution and the exponential

distribution. Understanding these relationships solidifies the Erlang distribution's theoretical
importance.

The Erlang distribution is fundamentally a special case of the Gamma distribution. The Gamma
distribution is defined for a positive real shape parameter (often denoted a or k). When the shape

parameter, k, of the Gamma distribution is explicitly restricted to only positive integers, the result is
the Erlang distribution. This integer restriction is precisely what makes the Erlang distribution ideal

for modeling the sum of discrete, sequential stages.
Furthermore, the following specific relationships hold true:

When the shape parameter, k, is equal to 1, the Erlang distribution simplifies to the Exponential
distribution. This makes intuitive sense, as the exponential distribution models the time until the
first event (k=1) in a Poisson process.

When the scale parameter, |, is equal to 2 (or A = 1/2), the Erlang distribution becomes equivalent
to a Chi-Squared distribution with 2k degrees of freedom. This link is vital in inferential statistics,
especially for calculating confidence intervals and performing hypothesis tests.

These connections highlight the Erlang distribution as a bridge between foundational probability
theory and applied statistical modeling.

Visualizing the Parameter Effects

The distinct strength of the Erlang distribution lies in how easily its shape can be manipulated using
the integer shape parameter k. The following visualization illustrates the profound impact of
changing k and p on the overall density curve.
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Erlang Distributions
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It is immediately apparent just how much the concentration and symmetry of the distribution
change depending on the values used for the shape and scale parameters. As k increases, the
distribution shifts away from the origin and becomes increasingly concentrated around the mean,
taking on the familiar bell shape. This visual confirmation underscores why the Erlang model is so

effective at modeling processes with known, sequential stages, where the time variation is
expected to decrease as more stages are completed.

Practical Applications and Modern Use Cases

While born from telephone traffic problems, the versatility of the Erlang distribution has led to its

deployment across a multitude of real-world scenarios where modeling waiting times and service
quality is paramount.

The most prominent areas of application include:
1. Telecommunications and Queueing Systems

The Erlang distribution remains the cornerstone of modern gueueing systems and call center

management. It is used to model the inter-arrival time of incoming requests and the duration of
service times.
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This modeling capability is critical for optimizing staffing capacity. By predicting the expected
number of calls or service requests during peak hours, organizations can determine the minimum
number of agents or resources required to maintain a target level of service, minimizing customer
wait times without incurring unnecessary labor costs due to overstaffing. The Erlang C formula,
derived from this distribution, is the industry standard for these calculations.

2. Reliability Engineering and Inventory Control

In reliability engineering, the Erlang distribution is often used to model the lifetime of complex
systems that require several independent failure stages before total breakdown. For instance, if a
component must pass through k different degradation phases before it fails, the Erlang distribution
(or its generalization, the Gamma distribution) provides an accurate model for the time-to-failure.

Similarly, retailers utilize the Erlang model for optimizing inventory. By modeling the frequency of
interpurchase times--the time elapsed between a consumer's successive purchases--businesses
gain crucial insights into consumer behavior. This helps establish optimal reorder points, minimize
holding costs, and ensure products are available when customer demand peaks.

3. Medical and Biological Settings

In mathematical biology, the Erlang distribution is used extensively to model processes that
proceed in distinct, sequential steps, such as the cell cycle time distribution. Biological processes
often involve a series of phases (G1, S, G2, M) that must be completed sequentially.

The distribution allows researchers to statistically analyze the duration of these phases, which is
vital for understanding cell proliferation, disease modeling, and the efficacy of certain medical
treatments.

Additional Resources for Further Study

For those interested in delving deeper into the mathematical derivation or advanced applications of
this powerful distribution, consulting official statistical texts and academic papers on queueing
theory is highly recommended. The principles established by Erlang continue to influence
predictive modeling in dynamic systems worldwide.
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