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Understanding Ordinary Least Squares (OLS) Regression

The foundation of many predictive modeling efforts lies in ordinary least squares (OLS) regression.

This established technique is designed to quantify the linear relationship between a single
response variable (Y) and a collection of predictor variables (X). The model aims to find the line of

best fit, which is commonly represented by the following linear equation:
Y =0+ B1X1 +B2X2 + ... + BpXp + €

The process of determining the optimal coefficient values (0, 31, and so on) relies entirely on the

least squares method. This methodology is fundamentally focused on minimizing the overall
discrepancy between the actual observed data points and the values predicted by the resulting
model. This critical discrepancy is formally measured by the Sum of Squared Residuals (RSS):

RSS = 3(yi - ?i)2

A clear understanding of the components within this foundational OLS objective function is
essential for grasping the subsequent need for regularization:

>: The summation symbol, denoting the accumulation of error across all data points in the sample.
yi: The actual, observed response value for the ith data point.
?i: The predicted response value derived from the fitted linear model for the ith observation.

The Instability of OLS: Multicollinearity and High Variance

While OLS is a powerful foundational tool, its reliability diminishes significantly when certain
statistical prerequisites are violated. A major practical challenge encountered in multiple linear
regression is multicollinearity. This occurs when two or more predictor variables exhibit a strong

linear correlation, meaning they contribute redundant or non-independent information to the
regression equation.

This inherent redundancy creates systemic instability within the model estimation process. When
multicollinearity is present, the model's coefficient estimates become exceedingly sensitive to even
minor variations in the training data set. This sensitivity results in dramatically inflated standard
errors and, critically, high variance. In essence, the model overfits the noise specific to the training
sample, rendering the coefficient estimates highly unreliable for generalization.

A model suffering from high variance performs poorly on new, unseen data, failing to achieve
robust predictive accuracy outside of its initial training environment. This necessity for model
stability and reliable generalization drives the development and application of regularization
techniques.
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Introducing Regularization: Stabilizing the Model

To mitigate the detrimental effects of multicollinearity and curb high variance, data scientists
employ Ridge Regression and Lasso Regression. Both fall squarely under the umbrella of
regularization methods, which operate by augmenting the standard OLS objective function with a

penalty term.

The fundamental purpose of this penalty is to constrain, or "regularize,” the magnitude of the
coefficient estimates, shrinking them towards zero. By applying this constraint, these techniques
intentionally introduce a slight increase in model bias in exchange for a substantial reduction in
variance. This strategic compromise is key to managing the critical bias-variance tradeoff,

ultimately improving generalization performance.

The core difference between Ridge and Lasso, which dictates their respective utilities, lies in the
mathematical nature of the penalty term applied. This difference determines how coefficients are
shrunk and whether they can be driven entirely to zero.

Mathematical Foundations: The L1 and L2 Penalties

In both Ridge and Lasso regularization, the strength of the constraint is controlled by the non-
negative tuning parameter, A (lambda). If A is minimized to O, the penalty term disappears, and the
resulting coefficient estimates are identical to those generated by the standard least squares
approach. Conversely, as A increases, the penalty strengthens, enforcing greater shrinkage on the
coefficients.

Ridge Regression (L2 Penalty)

Ridge regression incorporates the L2 norm penalty, adding a term proportional to the square of
the magnitude of the coefficients (Zpj2). This technique, also known as Tikhonov regularization,
seeks to minimize the following objective function:

RSS + AZBj2

The L2 penalty effectively shrinks all coefficient estimates towards zero in a continuous and
proportional manner. However, a defining characteristic is that it never forces them to be exactly
zero. This makes Ridge regression highly effective for stabilizing models, particularly those with
high multicollinearity, while ensuring that all predictor variables are retained in the final model

structure.

Lasso Regression (L1 Penalty)

Lasso regression (Least Absolute Shrinkage and Selection Operator) utilizes the L1 norm

PSYCHOLOGICAL STATISTICS statistics.arabpsychology.com



https://en.wikipedia.org/wiki/Regularization_(mathematics)
https://en.wikipedia.org/wiki/Bias%E2%80%93variance_tradeoff
https://en.wikipedia.org/wiki/Least_squares
https://enwikipedia.org/wiki/Multicollinearity
https://statistics.arabpsychology.com/?p=8829
https://statistics.arabpsychology.com
https://statistics.arabpsychology.com

Understanding Ridge and Lasso Regression: A Comprehensive Guide

penalty, which is based on the absolute value of the coefficients:
RSS + AZ|Bj]

The crucial feature of the L1 penalty is its geometrical property that enables automatic feature
selection. When the tuning parameter A is sufficiently large, the L1 penalty can shrink the
coefficients of unimportant predictor variables precisely to zero. This capability yields a sparse

solution, simplifying the model significantly and enhancing interpretability by eliminating irrelevant
factors.

The Optimization Goal: Minimizing Mean Squared Error (MSE)

The rationale behind introducing intentional bias through regularization is entirely aimed at
minimizing the Mean Squared Error (MSE), which measures the expected accuracy of the model's
predictions. Mathematically, the MSE can be decomposed into its component parts:

MSE = Var(f?(x0)) + 2 + Var(g)
Which provides a conceptual understanding of the sources of prediction error:
MSE = Variance + Bias2 + Irreducible Error

The core strategy employed by both Ridge and Lasso is to introduce a small, controlled increase in
the Bias2 term, allowing for a proportionally large reduction in the Variance term. This beneficial
tradeoff results in a lower overall test MSE, leading to superior predictive accuracy on new data
compared to unregularized OLS, which is often prone to significant overfitting.

To illustrate this mechanism, consider how the components of error change as the penalty
parameter A increases:
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In Ridge regression, the visualization shows that as A increases from zero, the variance drops
substantially while the bias increases only marginally. The optimal test MSE is found precisely
where this tradeoff is balanced--before excessive shrinkage causes the bias to increase rapidly
due to severe underestimation of the true coefficients.
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Similarly, Lasso regression demonstrates that increasing A stabilizes the model and reduces test
error up to a certain critical threshold. This stabilization ensures that models fitted by regularization
techniques consistently produce smaller prediction errors than OLS, which frequently struggles
with generalization.

Ridge vs. Lasso: Strategic Application

The choice between these two powerful regularization techniques depends fundamentally on the
assumptions made about the underlying model structure, particularly the degree of sparsity and the
correlation among predictors.

Prioritizing Feature Selection: When to Use Lasso Regression

Lasso regression is typically the preferred method in scenarios where the true underlying model is
believed to be sparse. This means that only a small number of predictor variables are genuinely

significant, while the large majority are noise or irrelevant factors that should be excluded.

Lasso's unique ability to shrink coefficients completely to zero makes it an unparalleled tool for
automatic feature selection.

It results in a simpler, highly interpretable model containing only the most influential variables,
making communication of results easier.

Prioritizing Stability and Correlation: When to Use Ridge Regression

Ridge regression tends to perform better in situations where many predictor variables are
significant and contribute roughly equally to the outcome, or, most critically, when the dataset
exhibits high levels of multicollinearity.

Since Ridge keeps all predictors in the model, shrinking them proportionally, it offers superior
stability and handling of highly correlated variables compared to Lasso.
If retaining all variables is required due to theoretical or domain-specific needs, Ridge is the
appropriate choice, even if their individual impacts are heavily damped.

For ambiguous cases, a sophisticated hybrid approach called Elastic Net, which intelligently
combines both L1 and L2 penalties, is frequently utilized to reap the benefits of stability (Ridge)
and sparsity (Lasso) simultaneously.

Selecting the Optimal Model and Tuning Parameter (A)

Given that both Ridge and Lasso models are optimized primarily for predictive ability rather than
statistical inference, the final selection process must be empirically driven. The most reliable
method for choosing the best model and finding the optimal tuning parameter A is through rigorous
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application of k-fold cross-validation.

By systematically testing a comprehensive range of A values for both Ridge and Lasso models
across different partitions (folds) of the data, we can accurately estimate the expected
generalization error. The model--and its corresponding A value--that yields the lowest test Mean
Squared Error (MSE) is ultimately selected as the superior predictive instrument.

It is crucial to remember the inherent limitation: the necessary shrinkage of coefficients towards
zero makes the final model challenging to interpret in terms of strict causal inference. Therefore,
regularization techniques are optimally employed when the primary goal is maximizing out-of-
sample prediction accuracy.

Essential Resources for Implementation

For those seeking a deeper theoretical understanding of these concepts, the following resources
offer excellent conceptual introductions to Ridge and Lasso Regression:

Detailed Introduction to Ridge and Lasso Regression Theory
A Comparative Analysis of L1 and L2 Regularization in Statistical Modeling

The subsequent resources provide practical implementation guides for common programming
environments such as R and Python:

Step-by-Step Implementation of Ridge Regression in R

A Practical Guide to Lasso Regression using Python's Scikit-learn Library
Methodologies for Tuning Lambda using Cross-Validation in R
Techniques for Applying Elastic Net in Python
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